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Abstract

We consider distributed statistical optimization and inference in the presence of heterogeneity
among distributed data blocks. A weighted distributed estimator is proposed to improve the statis-
tical efficiency of the standard split-and-conquer” estimator for the common parameter shared by
all the data blocks. The weighted distributed estimator is at least as efficient as the would-be full
sample and the generalized method of moment estimators with the latter two estimators requiring
full data access. A bias reduction is formulated for the weighted distributed estimator to accommo-
date much larger numbers of data blocks (relax the constraint from K = o(N1/2) to K = o(N?/3),
where K is the number of blocks and N is the total sample size) than the existing methods without
sacrificing the statistical efficiency at the same time. The mean square error bounds, the asymptotic
distributions, and the corresponding statistical inference procedures of the weighted distributed and
the debiased estimators are derived, which shows an advantageous performance of the debiased
weighted estimators when the number of data blocks is large.

Keywords: Bias Correction; Distributed Inference; Heterogeneity; Split and Conquer Method;
Weighted Estimation.

1. Introduction

Modern big data have brought new challenges to statistical inference. One such challenge is that
despite the sheer volume of the data, full communication among the data points may not be possible
due to either the cost of data communication or the privacy concern. The distributed or the “split-
and-conquer” method has been proposed to divide the full data sample into smaller size data blocks
to avoid data communication. The split and conquer estimator is also suited to situations where
the data are naturally divided into data blocks and data communication among the data blocks are
prohibited due to privacy concern. The “split and conquer” estimation had been considered in Lin
and Xi (2010) for the U-statistics, Zhang et al. (2013) for the statistical optimization, Chen and Xie
(2014) for the generalized linear models, Volgushev et al. (2017) and Chen et al. (2019) for the
quantile regression, Battey et al. (2018) for high dimensional testing and estimation, and Chen and
Peng (2021) for asymptotic symmetric statistics (Lai and Wang, 1993). Bootstrap resampling-based
methods had been introduced to facilitate statistical inference. Kleiner et al. (2011) proposed the
bag-of-little bootstrap (BLB) method for the plug-in estimators by making up economically the full
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sample for the distributed inference. Sengupta et al. (2015) suggested a sub-sampled double boot-
strap method designed to improve the computational efficiency of the BLB. Chen and Peng (2021)
proposed the distributed and the pseudo-distributed bootstrap methods with the former conducting
the resampling within each data block while the latter directly resampling the distributed statistics.

Privacy has been a major concern in big data applications where people are naturally reluctant
to share the raw data to form a pool of big data as practised in the traditional full sample estimation.
However, the data holders may like to contribute summary statistics without having to give away
the full data information. Federated Learning or the distributed inference with a central host has
been proposed to accommodate such reality (McMahan et al., 2017; Yang et al., 2019; Li et al.,
2020; Kairouz et al., 2021), where summary statistics of the data blocks or the gradients of the
objective functions associated with the private data blocks are submitted to a central host for forming
aggregated estimation or computation.

Homogeneous distribution among the data blocks is assumed in the majority of the statistical

distributed inference studies with a few exceptions (Zhao et al., 2014; Duan et al., 2021). Federated
Learning, on the other hand, was introduced to mitigate challenges arising from classical distributed
optimization. In particular, heterogeneous or non-IID distributed data across different data blocks
is one of the defining characteristics in the Federated Learning (Li et al., 2020; Kairouz et al.,
2021). Indeed, it is natural to expect the existence of heterogeneity, especially for data stored in
different locations or generated by different stochastic mechanisms, for instance, mobile phones of
different users. But few works have focused on the asymptotic statistical properties of the estimator,
especially in a heterogeneous setting.
Main Contributions. This paper considers distributed statistical inference under heterogeneous
distributions among the data blocks, where there is a common parameter shared by the distributions
of the data blocks and data-block-specific heterogeneous parameters. It is noted that Duan et al.
(2021) also considered a heterogeneous setting but under a fully parametric framework. Specifically,
the main contributions of this paper are as follows:

* QOur study reveals that in the presence of heterogeneity the full sample estimator of the com-
mon parameter obtained by requiring full data access, can be less efficient than the split and
conquer estimator. It is found that this phenomenon disappears if the objective function of the
statistical optimization satisfies a generalized second-order Bartlett’s identity.

* We propose a weighted distributed (WD) estimator, which is asymptotically at least as effi-
cient as the full sample and the split and conquer estimator when the number of data blocks
K = o(N 1/ 2) where N is the local sample size. The mean square error bound and the
asymptotic distribution of the proposed weighted distributed estimator are derived, as well as
the asymptotic equivalence between the weighted distributed and the generalized method of
moment estimator Hansen (1982).

* We also propose a debiased weighted distributed estimator with a data splitting mechanism on
each data block to remove the dependency between the bias correction and the weights used
to tackle the heterogeneity. The debiased weighted distributed estimator is asymptotically
as efficient as the WD estimator but allows quicker growth for the number of blocks K =
o(N 2/ 3). The bias correction is also applied to the split and conquer formulation leading to a
more communication-efficient debiased split and conquer estimator.
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2. Preliminaries

Suppose that there is a large data sample of size N, which is divided into K data blocks of sizes
{n} suchthat N = 3% ny, and letn = N K ! be the average sample size of the data blocks.
For the relative sample sizes among data blocks, we assume the following.

Assumption 1 There exist ¢, C > 0 such that ¢ < ny, /ng, < C for all pairs of (ki1, k2).

The k-th data block consists of a sub-sample { X} ; }.*; which are independent and identically
distributed (ITD) random vectors from a probability space (2, F, P) to (R?, RY) with F}, as the
distribution. The K distributions {F}} share a common parameter ¢ € RP!, while each F}, has
another parameter \; € RP? specific to Fi. The parameters of interests in the k-th block are
0, = (qu, )\Z)T, and the overall parameters of interests are § = (¢”, /\1T, /\5, ey )\};)T € RP1HKp2,

Suppose there is a common objective function M (X; ¢, A;) that is convex with respect to the
parameter (¢, \i,) and facilitates the statistical optimization in each data block. In general, the crite-
ria function can be made block specific, say M}, function. Indeed, the presence of the heterogeneous
local parameters { A} leads to different My (z, ¢) = M(z, ¢, A;) for the inference on ¢, which
connects to the multi-task learning.

In the k-th data block the true parameter 67 = (¢*7,A\;1)T is defined as the unique mini-
mum of the expected objective function, namely 0; = argming,co, Er, (M(Xk1; ¢, \x)). The
true common parameter ¢* appears in all 6%, and the block-specific {A\} }X_| may differ from each
other. The entire true parameters 6* = (¢*7, X{T, e ,)\}‘(T)T, can be also identified as 8* =
argmingeeo Zszl Ve Er, (M (X 1; ¢, \)). If the data could be shared across the data blocks, we
would attain the conventional full sample estimator 0 full = ArgMmingee Zle Z?:kl M (X5 ¢, M),
which serves as a benchmark for distributed estimators. The estimating equations for the full sample

estimators are
Sy SO W (Xas 6 k) = 0,
Sk A X o, ) =0 k=1, K,

where 1g(Xpi5 0, Ak) = OM (X530, M) /0@ and Y\ (X5 &, Ak) = OM (Xy 350, \i) /ON are
the score functions. The above full sample estimation is not attainable for the distributed situations
due to privacy or the costs associated with the data communications. The distributed estimation
first conducts local estimation on each data block, namely the local estimator ék = (qgk, 5\k) =
argming,ce, y .ty M(Xk,;; 0) with the corresponding estimating equations

{Z?’“l Vi (X,is Brs Ak) = 0, 0
> it oA (X i; bk, Ak) = 0.
The split and conquer estimator for the common parameter ¢ is

500 _ L x~. o

7 = N;nm. (2)

The heterogeneity among the distributions of the data blocks call for study the relative efficiency
and the estimation errors, which are the focus of this paper. We are to show that the split and
conquer estimator (2) may not be the best formulation for estimating ¢. Throughout this paper,
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unless otherwise stated, || - ||2 represents the Ly norm of a vector and a matrix. We will use C' and
C; to denote absolute positive constants independent of (ny, I, N).

An important question is the efficiency and the estimation errors of the split and conquer esti-
mator dgsac relative to the full sample estimator & ful- For the homogeneous case, Chen and Peng
(2021) found that for the asymptotic symmetric statistics, the split and conquer estimator (2) attains
the same efficiency as the full sample estimator in the non-degenerate case but encounters an ef-
ficiency loss in the degenerate case due to a lack of communications among different data blocks.
Zhang et al. (2013) derived the mean square error bound for the split and conquer estimator in the
homogeneous case and showed that whenever ' < N''/2, the split and conquer estimator achieves
the best possible rate of convergence when all /V data are accessible.

Consider the estimating equations of the full sample statistical optimization

S S e ( Xk by k)
Yot oa(X1is 0, A1)

Un(X;0) = 3

Yo U (X ki3 6, Arc)

Let Uy(0;) = E (Vo M(Xp1;0x)) and Uh(0y) = E(ngM(XkJ; 0x)) be the first and second
order gradients of the k-th population objective function, whose matrix forms are:

W) ) (0)
Wy(0r) = (Vo(0)", WA (66))",  Wo(0k) = ( ¢ g :
WS (0k) (0
Let Jo (0) = U5(08) — U3 (0) U (0k) " UK (Ok), oo (Or) = UA(0k) — U () U5 (0,) 1WA (0)),
Se(Xki; Ok) = Vo (X5 0k) — U3 (0k) U (0k) " A ( Xk 55 0k) and Sy (X5 0k) = Ya(Xki; 0k) —
\Iff(ek)\llz(ﬂk)_lqﬁ(b(Xm; 01). Then, apply Taylor’s expansion to obtain (see Section A.1)

K K ng
Grunr — % = =D _(n/N) T O} N 0D " S5(Xeis 05) ) + 0p(NT2). (@)
k=1 k=1i=1
For the local estimator (qgk, j\k) that solves (1), the same derivation leads to
bk — ¢ = —ni T (05) 7 0 S(Xk s 0F) + 0pln %),
M= Np = = e (05) 7 0 S (X 0) + opl(ny %),

Our analysis requires the following conditions.

Assumption 2 (Identifiability) The parameters 0, = (¢*, \}) is the unique minimizer of My,(6y,) =
E(M(Xk,l; Gk))for 0, € O,

Assumption 3 (Compactness) The true parameter 0}, is an interior point of the parameter space
Oy, which is a compact and convex set in RP, and supy, ce, |0k — 052 < r for all k > 1 and some
r > 0. The true common parameter ¢* is an interior point of a subset ® C Oy,

Assumption 4 (Local strong convexity) The population objective function on the k-th data block
My (0r) = E(M(Xy1;6k)) is twice differentiable, and there exists a constant p_ > 0 such that
ng My, (0%) = p—Ipxp. Here A = B means A — B is a positive semi-definite matrix.

4
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Assumption 5 (Smoothness, 1) The objective function on the k-th data is twice differentiable with
respect to O, and there are positive constants R, L, v and vy such that E(||Vg, M (X}, 1;0}) |271) <
R and E(”ngM(Xk,U 07) — ngMk(HZ)H%“) < L for all k > 1. There are also positive
constants p and G such that ||V§kM(x, Or) — ngM(:c; 0.)]l2 < G(x)||0r — 0|12 for all 6,0, €
Uk = {0k | 0x — 0;|l2 < p} and z € RY, and E(G(Xy1)*) < G*.

Assumptions 2-4 are standard ones on the parameter space and population objective functions for
the homogeneous case (Jordan et al., 2019). In the heterogeneous case, Duan et al. (2021) requires
the parameter space for the common parameter to be bounded, i.e. ||[¢ — ¢*|| < r under a fully
parametric setting, while we need the overall parameter space to be bounded. The stronger condition
is needed since we do not fully specify the distributions {Fk}szl and it will be used when we
derive the mean squared error bound for the proposed weighted distributed estimator in Section 4.
Assumption 5 specifies the Lipschitz continuity of the outer product Z(x; 6y) with respect to 0,
which is to control the estimation error when we estimate the asymptotic covariance matrix of the
local estimator 6. Section A.2 shows it is valid for the logistic regression model.

3. Full Sample versus split and conquer Estimation

It is expected that the full sample estimator qAﬁ fuu should be at least as efficient as qBS“C since the
former utilizes the full sample information allowing communications among data blocks. However,
we show that this is not necessarily the case under heterogeneity.

It is worth mentioning that we assume K being fixed in the following Proposition 1 and The-
orem 2 for simplicity of formulating the asymptotic variance of the estimators, which helps us to
motivate the weighted distributed estimator. We allow diverging K along with N in the subsequent
theoretical results. In particular, we will discuss how to improve the divergence rate of K in Section
5.

Pr0p0s1t10n 1 Under Assumptions I - 4 and Assumption 5 with v,v1 > 1, and if K is fixed, then
O, — 0y and Hfu” — 0* in probability; qﬁS“C (1/N) Zk 1 nkqﬁk and ¢full are consistent to ¢*.

Theorem 2 Under Assumptions 1 - 4 and Assumption 5 with v, vy > 2, if K is fixed and ni, /N —
vk € (0,1) for a set of constants {y, }_,, then

K
VN (65 — ¢*) = N (0p, Y Jgn(05) " Sk (05) Jgp (03) ") and

k=1
K K K

VN(@pur = ¢") = N(Opr, O Tsa(00) ™ Qo mZw(O) Q_ o () ™),
k=1 k=1 k=1

where ¥, = Var{Sy(Xy1;0;)}.

Define V(X,4) = (AT)"'SA! as a mapping from S5'[7* x GL(RP') to SEP', where
S’ffp ' and GL(RP*) denote the symmetric positive definite matrices and invertible real matrices of
order p, respectively. In fact, V (-, -) is a non-convex function, which means that

K K K K
(Z ’YkJ¢|,\(9?§))_1(Z ’Ykzk(QZ))(Z Voo (05)) 7" 2 Z YT\ (05) " Sk (65) Jon (07)
— - = =1
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In other words, qB full 18 NOt necessarily more efficient than <Z>S“C.

To gain understanding of Theorem 2, we consider the errors-in-variables model. Suppose there
are K independent data blocks { (X ;, Y3;)}io, for k = 1,2..., K, where (X} ;, Y} ;) are IID and
generated from

Xp=2Zp+eg, Yi=0¢"+NZk+ fr, (6)

where {Z)}1_ | are random variables whose measurements {(Xj,Y;)} | are subject to errors
{(ex, fx)}< |, and (e, fx) are bivariate normally distributed with zero mean and covariance matrix
0215 and is independent of Z. Obviously, ¢* is the common parameter across all data blocks while
A5 (A7 > 0) represents the block specific parameter. The condition Var(e) = Var(f) is assumed
to avoid any identification issue arising when Z is also normally distributed (Reiersol, 1950). We
consider the approach in Example 5.26 of van der Vaart (1999) as detailed in Section A.3, which
leads to the M-function

1

M (X, Yi; 0k) = 55—
202(1+ A2)

(M Xk — (Y — 0))%. (7

For simplicity we assume K = 2, then from Theorem 2 we have

~

2 2
) 9 oA (E(2)2 D2 T g2 |
S S S A N>
1 *2+ *2
+)\1 1+)\2

Var(éfull) ~ var(Z var? (
2Sa 02 E(Z2) (14+X2) (14252 o*(E(2))?
Var((bs C) ~ var((Z))( - );( 3 + VE\rQ((Z))) ) %

1 1 2
) (1+Af24_1+A§2)

)

In the heterogeneous setting (A} # A3), cases are presented in Section C.2 where q3 ruu has larger
variance than the split and conquer estimator ¢>%C.

4. Weighted Distributed Estimator

That the full sample estimator qAS ruu under heterogeneity may be less efficient than the simple aver-

aged ngSS aC suggests that the wisdom formulated in the homogeneous context may not be applicable
to the heterogeneous case. How to better aggregate the local estimators {¢y} for more efficient
estimation is the focus of this section.

4.1 Formulation and Results

Consider a class of estimators formed by linear combinations of the local estimators {gﬁk}

K K
{650 | 3C = Wiy, Wi € RPVPLD "W, =T, ).

k=1 k=1
We want to minimize the asymptotic variance of ég‘lc with respect to weighting matrices {Wk}szl.
It may be shown from Theorem 2 that var(¢3°C) ~ S5 n Wi A Sk(AD)TIWE, where A, =
Jga(0F) and ¥, = var (Sy(Xg,i;0;)). It is noted that the asymptotic variance is defined via the
asymptotic normality of the statistical optimization. For the time being, Ay and X; are assumed
known and denote Hj, = A;lﬁk(Af)_l. We choose the trace operator as a measure of the size of
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the covariance matrix, which leads to a minimization problem:

K
va%/mzze tr(kzlnkIWkaWk> s.t. Z:szlpl. ©)]

It is a convex optimization problem and can be solved via the Lagrangian multiplier method, which
gives the optimal weighting matrices W, = (25:1 nsH; ) 'ngHy 1 If we replace the trace with
the Frobenius norm in (9), the same solution is attained as shown in Section A.4. The split and
conquer estimator with the optimal weights W is called the weighted distributed estimator and
denoted as éWD , which is at least as efficient as qES“C by construction.

To compare the efficiency between qg fuu and (iWD , we note that their covariances

var ¢fuzz anAk anZk anAk }_

-1
Var(éf;WD) ~ (Z nkA;;FEklAk> ,  respectively. (10)
k=1

Define F(X, A) = ATY =1 A, which is a generalized convex function with respect to the ma-
trix inequality shown in Lemma S1. Applying Jensen’s inequality leads to the that the weighed
distributed estimator is at least as efficient as the full sample estimator qg full- Thus, the estimating
equations (3) obtained from the first-order derivative of the simple summation of local objectives
>k M (X} ;; 0x) may not be the best formulation. In contrast, the weighted distributed estimator
exploits the potential efficiency gain from the heterogeneity by re-weighting of the local estimators,
which is why the full sample estimator may not be as efficient as the weighted distributed estimator.

4.2 Likelihood and Quasi-likelihood

The above results lead us to wonder whether the weighted distributed estimator can also be more
efficient than the full sample estimator under the heterogeneity in a fully parametric setting. The
answer is negative as shown below.

When the distribution of X}, ; is fully parametric with density function f(-; ¢, Ai), the Fisher
information matrix in the k-th data block is

2
I(Ok) _ I(gb )\k) _ (I¢¢ I(;g,\,C > - _E a%flogf(Xk,l§9k) aqgaATlng(Xk lvek)
’ Dveo Dy i5rl0g f(Xi1:0%)  halogf(Xpa;6r)

and the partial information matrix Iy, = Ipp — Lo, 1 /\_kl/\k Iy, 4.
Now, the objective function for the statistical optimization is M (X}, ;; ¢, \) = —log f(Xk.i; @, Ak).
Routine derivations show that ¥, = var (Sy(Xg,1;05)) = Ign, and A = Jy\(0F) = Iy)n,-

Hence, Var(dA)fu”) ~ var(pWP) ~ (Zsz1 nkLb\)\k) and var(¢°9C) ~ (1/N2)ZkK:1nkI;|§\k.

A direct application of Lemma S1 shows that <Z§:1 nklcb‘)\k) < (1/N?) S, nkI;'}\k Thus,
the full sample maximum likelihood estimator automatically adjusts for the heterogeneity and has
the same asymptotic efficiency as that of the weighted distributed estimator. Both estimators are at
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least as efficient as the split and conquer estimator éSaC' The same is true for the quasi-likelihood
estimation with independent observations (see Section A.5).

A close examination reveals that the underlying reason for the asymptotic equivalence between
the weighted distributed estimator and the likelihood-based full sample estimators is that the two
statistical optimization functions satisfy the second order Bartlett’s identity (Bartlett, 1953; Mc-
Cullagh, 1983): E(VM (X, 0;)V M (X, 05)T) = E(V2M (X}, 6;)). By the asymptotic variance
formula of the estimator and Lemma S1, it is apparent that Bartlett’s identity can be relaxed by
allowing a factor vy # 0 such that

BE(VM (X, 05)VT M(Xy,07)) = yE(VM (X5, 0})). (11)

An example of such cases is the least square estimation in the parametric regression with ho-
moscedastic and non-autocorrelated residuals in Section A.6. Otherwise, the full sample least square
estimator may not be efficient and there is an opportunity for the weighted least square estimation.
Thus, if M (zy, 0y) satisfies (11), (5 ful attains the same efficiency as <Z>WD .

4.3 Relation to Generalized Method of Moment Estimation

To further justify the efficiency of the weighed distributed estimation, we consider the generalized
method of moment (GMM) estimator (Hansen, 1982), which has certain optimal property for the
semiparametric inference that the weighted distributed estimation can compare with, despite it re-
quires full data sharing.

The score functions of the statistical optimization on each data block are aggregated to form the
moment equations

{Z?:’“l Vo (Xkyis @A) = 0, (12)
Z?:kl w)\(Xk,iS(b:)‘k) =0, k=1,..,K,

which have pK estimating equations, where the dimension of 6* is pK — (K — 1)p;. Thus, the
parameter is over-identified which offers potential efficiency gain for the generalized method of mo-
ment. The GMM estimation based on the moment restrictions (12) solves the minimization problem
O = argmin UL (0)Won (0), where Wy = {Var(¢N(9*))} Lis the optlmal Welghtlng ma-
trix (Hansen, 1982; Yaron et al., 1996)andwN( ) =01 w¢(X1z,«91) Dy wA(X“?Ql) R
Do o (X ks 0k) T, 300 A Xk 0) )T

Let the first p; elements of QG MM be q@G MM as an estimator of the common parameter. A
derivation in Section A.7 shows that var(¢garar) =~ {30 =1 Tk T2y J¢>\ A}~ L. Thus, the weighted
distributed estimator’s efficiency is the same as that of gZ)G am - This is encouraging as the weighted
distributed estimator does it without requiring data sharing among the blocks.

4.4 Estimation of weights in one round communication

To formulate the weighed distributed estimator, we have to estimate the optimal weights W} =
(Zﬁil nsHy ) 'ng,H, 1. As we will show in Theorem 4, the estimation of the weights will not af-

fect the estimation efficiency of the weighted distributed estimator attained in (10). By the structure
of W', we only need to estimate Hy, the leading principal submatrix of order p; of the asymptotic
covariance matrix Hj, of ék. Note that

7 *\ ) — * * *\\ — H *

Hy = (V¥q(6y)) 1E{¢9k (Xk,1307) V0, (Xk 13 9k)T}(V‘I’0<9k)> = ( : > )

* x

8
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where Wy (0;,) = Evg, (Xk,1;0k). We can construct a sandwich type estimator (Stefanski and Boos,
2002) to estimate Hy, and then Hy. The procedure to obtain the weighted distributed estimator is
summarized in Algorithm 1.

Input: Distributed datasets: { Xy ;,k=1,...,K;i=1,...,n4}
Output: Weighted distributed estimator: gZ;WD

1 Ineach datablock k (k=1,2,--- , K):

2 Solve (1) and obtain 6, = (qgk., j\k.) ;

3 Calculate H, k(ék) which is the leading principal sub-matrix of order p; of
(Vo, W, ) (ny ny, Z?’“l Z(Xk i Gk))(V(;k\flgk)_ where Z(z, 0),) is defined in
Assumption 5 and \Ifgk =n, ZZ 1 Vo, (Xk.i Qk)

4 In a central server:

5 Collect (¢, H 1(0x)~1) from all the K data blocks;

6 Caleulate ¢ = (Y4, niHi(0k) ™) ™0 S0y nie(Hi(0) " 5

7 QWP =gI(p € D)+ ¢5CI(p ¢ ), where € = N1 Zszl nE k.
Algorithm 1: Weighted Distributed estimator

Step 7 of the algorithm is necessary since there is no guarantee that after weighting the estimator
¢WD belongs to the set ® as required in Assumption 3. However, the event {¢"VL € ®} should
happen with probability approaching one. Hence, the (;SS“CI (qSWD ¢ ®) term is negligible. To

establish the theoretical properties of the weighted distributed estimator, we impose the following
assumptions.

Assumption 6 (Smoothness, 2) Denote Z(x,0y) = Vg, M(x;0;)Ve, M (z; 0:)", then there are
positive constants p and B such that Z(x,0y) is B(x)—Lipschitz continuous with respect to 0y, in
the sense that || Z (x,01) — Z(x,0},)||2 < B(x)|0k — 0}||2 for all 0y, 0, € Uy = {6 | |0k — 05]l2 <
p}and x € R, and E(B(Xy1)?) < B%.

Assumption 7 (Boundedness) Denote ¥ 1,(0;) = EF, (Yo, (Xk 15 0k) Vo, ( Xk 1; 0x)7), then there
exists constants pq, ¢ > 0 such that| X5 ,(07)||2 < po and Hy, = clp, xp, for k > 1, where 0} is the
minimizer of the k-th population objective function and Hj, = J(b‘)\(HZ)*lvar(S(b(Xm; 9%))J¢‘)\(92)*1

By Hj's definition, || Hy |2 < [[W5(67) |3/ Ss,(0)ll2 < pop=?, implying H™' = (02 / po) Iy, xp
On the other hand, the above inequality leads to | ¥9(6%)~!||ls > (¢/p,)'/2, which indicates a finite
upper bound for the norm of the Hessian, as assumed in Jordan et al. (2019) and Duan et al. (2021).

Theorem 3 Under Assumptions I - 4 and 7, and Assumption 5 - 6 with v, vy > 2, the mean-squared
error of the weighed distributed estimator "V P satisfies

- C C C C C
WD _ 2 « Y1 2 3 4 5
b (W) ¢ ”2) SaR Tm TR T
forn = NK~1 and v = min{v,v1/2}.

The v and v; appeared in Assumptions 5 - 6 quantify the moments of the first two orders of
the gradients of the M-function and their corresponding Lipschitz functions. When the number
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of data blocks K = O(n™n{1.(8=1)/2}) " the convergence rate of mean squared error of ¢"'2 is
O((nK)~'), which is the same as the standard full sample estimator. However, when there are too
many data blocks such that K >> n, the convergence rate is reduced to O(n~2). Furthermore, if the
derivatives of the M function and their corresponding Lipschitz functions are heavy-tailed so that
v < 3, the convergence rate is further reduced to O(Kn™?).

Theorem 4 Under Assumptions I - 4 and 7, and Assumptions 5 - 6 withv, vy > 2, if K = 0(N1/2),
then (P — ¢")T (SIC e ) (370 = 67) = 12,

As mentioned before, K is allowed to diverge with the full sample size at the rate o(N 1/ 2.
Although {Hy}X | have bounded spectral norms, Zszl (nw/N)H, ! may not converge to a fixed
matrix in the presence of heterogeneity. Thus, we can only obtain the asymptotic normality of the
standardized N~'/2{S"% | (ny/N)H,; ' }1/2(PW — ¢*). This is why Theorem 4 is presented in
the limiting chi-squared form, which implies that we can construct confidence regions for ¢ with
confidence level 1 — « as

K
01 @V gy (z nkﬁk@w) B0 g <2}
k=1

after replacing Zle niH; ' with its sample counterpart Zle nyHy(95) ™", where X?)l,a is the
upper « quantile of the X;% , distribution. Given the weighted distributed estimator of the common
parameter ¢*, a natural question is that whether a more efficient estimator of the block-specific Aj;
can be obtained, if we plug in the weighed distributed estimator to each data block and re-estimate
M. Let 5\,(62) be the updated estimator. Results in Section A.8 show that 5\,(3) is not necessarily more
efficient than the local estimator 5\;9.

5. Debiased Estimator for diverging K

It is noted that K = o(N'/2) is required in Theorems 3 and 4 to attain the O(N ') leading order
mean square error and the limiting chi-squared distribution of the weighed distributed estimator
#"P. A reason for this requirement is that the bias of the local estimator 0y, is at order Op(nlgl),
which can not be reduced by the weighted averaging. This leads to the bias of N1/ 2(qBWD —
¢*) being at the order O,(K N~'/2), which is not necessarily diminishing to zero unless K =
o(N'/2). It is worth mentioning that Duan et al. (2021) needed the same K = o(N'/?) order
in their maximum likelihood estimation framework to obtain the N'*/ 2_convergence since Li et al.
(2003) showed that the maximum likelihood estimator is asymptotically biased when K /n — C €
(0, 400). This calls for a bias reduction step for the local estimators before aggregation to allow for
larger K.

To facilitate the bias correction, we have to simplify the notation. Suppose F'(6) is a p x 1
vector function, V F'() is the usual Jacobian whose [-th row contains the partial derivatives of the
[-th element of F'(#). Then, the matrices of higher derivatives are defined recursively so that the
j-th element of the [-th row of V*L(#) (a p x p* matrix) is the 1 x p vector f}’(0) = af;;*l (9)/067,
where f;’j_l is the [—th row and j-th element of V"1 F (). Let ® denote the Kronecker product.
Using Kronecker product we can express VVF(0) = 9VF(0) /(007 ® 007 ® --- ® 907). Be-
sides, define M, x(6r) = ny, " >or%y M(Xpi; 0k), Har(6k) = E(V3 v, (Xr1;60k)), Qr(6k) =

10
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{—E (Vo v, (Xi,1:01))} 1 di o () = Qr (0k) ¢, (X35 O) and v; 1 (0x) = Vo, Vo, (X, 0k) —
Vo, Wo(0r). Then, the leading order bias of 6, (Rilstone et al., 1996) is

Bias(0y) = ny,' Qu(Op){E (vig(05)dik(07)) + %sz),k(@Z)E (dik(0;) ® di x(6;))}-

Let Bk((gk) = Qk(gk){E (vl7k(0k)dl7k(9k)) + %H;g,k(@k)E (dz,k(ek) ® dz,k(ek))}, whose first p;
dimension associated with ¢ are denoted as B} (6). An estimator of By(6y) is

. . n . 1. n o A
By(0k) = Qr(0k) (n;,! Z 03 e (Or)di 1o (O1) + §H3,k(9k)n;§1 Z(di,k(%) ®d;ik(0r))), (13)
=1 =1

where Hs 4(6) = nj" 320 V2 g, (X3 0k) Qr(0r) = {—ni ' X0 Vo, vo, (Xeis 0)} 1
di 1 (0r) = Qr(0k) Vo, (Xki; Hk) and 9; 1,(0r) = Vo, v, (Xk,i; 0k). Applying it to each data block,
we have the bias-corrected local estimator

Orpe = O — 1y ' Br(0p) e, .

where &, e = {ék — n,;lék (ék) € O}, and the indicator function is to ensure that ék,bc € O.
After the local debiased estimators are obtained, we need to aggregate them via the estimated
weights. A direct aggregation will invalidate the bias correction due to the dependence between the
estimated weights and the local debiased estimator if they are constructed with the same dataset.
The accumulation of dependence over a large number of data blocks can make the bias correction
fail To remove the dependence between the local estimator ék,bc and the estimated local weights
= (Km0, 1H;C(Gk) , we divide each local dataset { X} ;};*; to two basically
equal sized splits D} = {X }n_’“/ % s = 1,2. For s = 1,2, we calculate the local estimators HA;%S

and obtain H, k75(0k,5), Wthh is the first p; principal sub-matrix of

ng /2
(VleIjek) 2/nk ZW;@ kz’9k8)¢9k( kzveks) )(vekwek)iTv

=1

where \/I}gk = (2/ng) Zn’“/Q g, (X k & ). 0y, +). We perform the local bias correction to f, ; based on
a split with the weight obtained by the other, leading to two debiased estimators of the form

K K
{anﬁk’s(ékys)fl}ilan(ﬁkﬁ(ék’s)) ¢k2 ls—1| for s=1,2.

The two debiased local estimators are averaged to obtain the final debiased weighed distributed
estimator, whose procedure is summarized in Algorithm 2. To provide a theoretical guarantee on
the bias correction, we need an assumption on the third-order gradient of the M-function (see Zhang
et al. (2013)), which strengthens a part of Assumption 5.

Assumption 8 (Strong smoothness) For each x: € RP, the third order derivatives of M (x; 0, ) with
respect to 0y, exist and are A(x)— Lipschitz continuous in the sense that

(V5 %o, (23 0) = V5, v, (23 0)) (u @ w)l|2 < A() |6} = Op|2]ull3,

Sfor all 0, 9;6 € Uy, defined in Assumption 5 and u € RP, where E(A(X;)?") < A?° for some
v>0and A < oc.

11
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Input: Distributed datasets: {Xj;,k=1,...,K;i=1,...,n4}
Output: debiased weighted distributed estimator: ¢ P
1 Ineach datablock k (k=1,2,--- , K):

2 Split the local dataset into two equal sized subsets: D = {X }:”“{2, s=1,2;
3 Solve (1) based on D; and obtain HA;@S = (QAS;W, j\ks) for s = 1, 2;
4  Calculate Iflkvs(ém) based on Dj; and é;"; fors =1, 2;

5 Calculate é,l;fs = HA;@S — 2”;13k75(ék75)1gk,bc,5 using formula (13) for s = 1, 2, where

N Tl A
Ekve,s = {Ok,s — 2n; B s(Ors) € O} s
In a central server:

7 Collect {qbk, o Hy, S(Gk s)" %, s = 1,2} from all the K data blocks;
8 Construct ¢s = (Zk 1 nka S(Qk s) ) Zk 1 nka S(Gk s) (ﬁkCQ |s— 1|'
9 Calculate o2V = §*1(¢° € ) + K~ 300 midley_ |,y [(9° & ®) fors = 1,2;

2dWD _ 9—1 2dWD
10 ¢ Zs 1 ¢
Algorithm 2: deblased Weighted Distributed (dAWD) Estimator

=)

Theorem 5 Under Assumptions 1 - 4 and 7 - 8, and Assumptions 5 - 6 withv,v; > 4,

. Ch C C Cy4K
dW D (2 2 3 4
E(]l¢ —¢*2) < K+7K+7 min{o0/2)

The main difference between the upper bounds in Theorem 5 from that in Theorem 3 for the
weighed distributed estimator is the disappearance of the O(n~2) term for the weighed distributed
estimator, which has been absorbed into the O((n?K)~! 4+ n~3) terms for the debiased weighed
distributed estimator. As shown next, this translates to a more relaxed K = o(N?/3) condition as

compared with the K = o(N'/2) condition for the weighed distributed estimator in Theorem 4.

Theorem 6 Under the conditions required by Theorem 5, if K = o(N?/?),
K
(d)dWD o d)*)T (Z nka(92)1> (¢dWD — ¢") g> X12>1‘
k=1

Theorem 6 is also formulated in the chi-squared distribution form for the same reason when we
formulate Theorem 4, and similar confidence region with confidence level 1 — o can be constructed
as {¢ | (6P — ¢)T {34, miHi (01) 7 HMP = ¢) <3, o)

The fact that the confidence regions of debiased weighted distributed and weighted distributed
estimators use the same standardizing matrix Zszl nkﬁ k(ék)*l reflects that both estimators have
the same estimation efficiency. However, the debiased version has more relaxed constraint on K =
o(N?/3) than that of the WD estimator at K = o(N'/2) .

Both the debiased and non-debiased weighted distributed estimators are communication effi-
cient as they only require one round of communication. When the communication budget is strictly
limited, people may only share the debiased estimators without transmitting the weights. In this
case, one may consider the following debiased split and conquer estimator

K

édSaC - N1 an(ék — n;léé(ék)l&g,bc)?
k=1

12
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which only performs bias correction and may be preferable when the heterogeneity is not severe.
The asymptotic property of ¢¢5?C is summarized in the following theorem.

Theorem 7 Under the conditions required by Theorem 5, if K = o(N 2/ 3), the debiased split and
conquer estimator $*5°C satisfies that (i) E <Hq§dsac — qﬁ*H%) < C1/(nK)+Cy/(n*K)+ Cs/n?

and (ii) N3(§52 — )T (21, nka(QZ;))_l (¢95C — %) = x5,

The corresponding confidence region with confidence level 1 — « can be constructed as {¢ |
. N B
N2(¢35eC — )T (Eszl nka(Gk)) (¢952¢ —¢) < X2, ,}. Itis noted that the debiased version

of the split and conquer estimator g%dsac has the same asymptotic distribution as that of qAﬁS“C, but
under a much more relaxed constraint on the divergence rate of K. Hence, the confidence regions
based on the split and conquer estimator can be constructed in the same way as that based on the
weighted distributed estimator with d;ds o replaced by q?)s aC’

To compare with the subsampled average mixture method (SAVGM) estimator proposed in
Zhang et al. (2013), which also performs local bias correction but under the homogeneous setting,
we have the following corollary to Theorem 7.

Corollary 8 Under the homogeneous case such that {Xy;, k = 1,...,K,i = 1,...,n; } are IID
distributed, and the assumptions required by Theorem 5,

2E ([ Vo, W (67) bg, (X1.1;67)13) N c, O
nKk n2K n?)’

B (1075 — 7]3) <
where 07 is the true parameter for all the K data blocks.

The SAVGM estimator resamples |77y, | data points from each data block k forar € (0,1) to
obtain a local estimator 9,?,‘}"0 based on the sub-samples, and has the form

nSaC NSaC
gk - ’I"Hkﬂ.

Osavanm = 7 (14)
—r
Its mean squred error bound as given in Theorem 4 of Zhang et al. (2013) is
= 2+ 3r E (Ve Yo(07) "9, (X115 07113 c, C
E ([|6savenm — 07ll5) < (1Ve, ¥o(07)"" o D), &1, G (15)

(1—r)2 nK n?K = nd

Thus, the mean squared error bound (15) of the SAVGM estimator has an inflated factor (2 +
3r)(1 —r)=2/2 > 1 for r € (0,1) when compared with that of the dSaC estimator, although
it is computationally more efficient than the debiased split and conquer and debiased weighted
distributed estimators as it only draws one subsample in its resampling. For more comparisons
between the debiased split and conquer estimator and one-step estimators proposed by Huang and
Huo (2019), see Section A.10.

13
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6. Numerical Results

6.1 Simulation study

We report results from simulation experiments designed to verify the theoretical findings made in
the previous sections, which was to evaluate the numerical performance of the proposed weighted
distributed (WD), debaised split and conquer (dSaC) and debiased weighted distributed (dWD)
estimators of the common parameter and compare them with the existing split and conquer (SaC)
and subsampled average mixture method (SAVGM) (with subsampling rate » = (0.05) estimators.
Although Zhang’s SAVGM estimator (Zhang et al., 2013) was proposed under the homogeneous
setting, but since its main bias correction is performed locally on each data block k£ as shown in
(14), similar theoretical bounds as (15) can be derived without much modifications on the original
proof. Throughout the simulation experiments, the results of each simulation setting were based
on B = 500 number of replications and were conducted in R with a 10-core Intel(R) Core(TM)
i9-10900K @3.7 GHz processor. We evaluated the numerical performance of the five estimators
for the common parameter ¢ under a logistic regression model. For each of K data block with
K e {10,50, 100,250,500, 1000, 2000}, {(Xj.;Ysi)}iy C RP x {0,1} were independently
sampled from the following model:

Xii ~ N (01,0752 ) and  P(Yei = 1| Xpi) = exp(X;.;07)
" b T o Fi ST eap(XTL67)

where 07 = ("7, M), 9" = 1L, AL = (\p 1, Moo 5 Ahpy) T and Ag 5 = (=1)710(1 — 2(k —
1)/(K — 1)). The sample sizes of the data blocks were equal at n = NK ! with N = 2 x 106,
Two levels of the dimension p; = 4 and 10 of the nuisance parameter \; were considered. Due to
space limit, we only report the set of result with po = 10 in the main paper. See Section A.9 for the
result with po = 4 and a derivation of the bias correction formula for the logistic model.

Figure 1 reports the root mean square errors and absolute bias of the estimators when py = 10.
It is observed that the weighted distributed estimator and the two debiased estimators had smaller
root mean square errors than those of the SaC and SAVGM for almost all the simulation settings.
The classical split and conquer estimator fared better than Zhang’s SAVGM estimator as K became
larger, which is due to the extra variation introduced by the subsampling method as indicated in (15),
especially when K is large (the local sample size n is small). It was evident that the WD estimator
had much smaller root mean square errors than the SaC and SAVGM estimators for all the block
number K, realizing its theoretical promises. In most cases, the WD estimator had smaller bias than
the SaC estimator although it was not debiased. The WD estimator was advantageous for K < 250.
In comparison, both bias corrected dWD and dSaC were very effective in reducing the bias of the
WD and SaC estimators, respectively, especially for larger K when the bias was more severe. The
dWD attained the smallest root mean square error and the bias in all settings, suggesting the need for
conducting both weighting and the bias correction in the distributed inference especially for large
K. These empirical results were consistent with Theorems 3 and 5, namely the leading root mean
square error term of the WD estimator changes from O((Kn)~!) to O(n~2) when K surpasses the
local sample size n, while the leading term of the dWD is still O((nK)~!) until K is much larger
than n?.

We also evaluated the coverage probabilities and widths of the 1 — a (o = 0.01,0.05,0.1)
confidence intervals (Cls) of the common parameter based on the asymptotic normality as given

14
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(a) Absolute Bias (py = 10) (b) RMSE (p2 = 10)
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Figure 1: Average simulated bias (a) and the root mean square errors (RMSE) (b) of the weighted
distributed (WD) (red circle), the split and conquer(SaC) (blue triangle), the debiased split and
conquer (dSaC) (green square), the debiased weighted distributed (dWD) (purple cross), the sub-
sampled average mixture SAVGM (pink square cross) estimators, with respect to the number of data
block K for the logistic regression model with the dimension ps of the nuisance parameter \j, being
10, and the full sample size N = 2 x 106.

after Theorems 4 and 6. The SAVGM estimator was not included as its asymptotic distribution was
not made available in Zhang et al. (2013). Table 1 reports the empirical coverage and the average
width of the CIs. It is observed that the four types of the CIs all had quite adequate coverage levels
when K < 100. However, for K > 250, the SaC Cls first started to lose coverage, followed
by those of the WD, while the Cls of the dSaC and dWD estimators can hold up to the promised
coverage for all cases of K. Although the dSaC CIs had comparable coverages with the dWD
CIs, their widths were much wider than those of the dWD. This was largely due to the fact that
the weighted averaging conducted in the weighted distributed estimation reduced the variation and
hence the width of the CIs. The widths of the WD ClIs were largely the same with those of the dWD,
and yet the coverage levels of the dWD ClIs were much more accurate indicating the importance of
the bias correction as it shifted the CIs without inflating the width.

In addition to the simulation experiments on the statistical properties of the estimators, the com-
putation efficiency of the estimators was also evaluated. Table 2 reports the average CPU time per
simulation run based on 500 replications of the five estimators for a range of K of the nuisance
parameter for the logistic regression model with the total sample size N = 2 x 10% and p, = 10.
The computation speed of the dSaC and dWD estimators were relatively slower than those of the
SaC, WD and Zhang’s SAVGM estimators. The WD estimator was quite fast, which means that the
re-weighting used less computing time than the bias-reduction. In comparison, the dWD estimator
was the slowest as a cost for attaining the best root mean square error among the five estimators
in all settings. It is observed in Table 2 that the overall computation time for each estimator first
decreased and then increased as K became larger. The decrease in time was because of the ben-
efit of the distributed computation, while the increase was due to the increase in the number of
optimization associated with the statistical optimization performed as K got larger. However, it
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Table 1: Coverage probabilities and widths (in parentheses, multiplied by 100) of the 1 — « confi-
dence intervals for the common parameter ¢ in the logistic regression model based on the asymp-
totic normality of the split and conquer (SaC), the weighted distributed (WD), the debiased split
and conquer (dSaC) and the debiased weighted distributed (dWD) estimators with respect to the
number of data blocks K. The dimension py of the nuisance parameter A; is 10 and total sample
size N =2 x 10°

K SaC WD dSaC dWD
1—-a 099 095 090 099 095 090 099 095 090 099 095 0.90

10 099 094 0.88 100 096 092 100 094 088 1.00 096 092
(3.05) (2.32) (1.95) (2.41) (1.84) (1.54) (3.05) (2.32) (1.95) (2.42) (1.84) (1.54)

50 0.99 093 0.87 099 095 0.88 098 094 083 099 096 0.88
(2.94) (2.24) (1.88) (2.29) (1.74) (1.46) (2.94) (2.24) (1.88) (2.29) (1.74) (1.46)

100 0.97 0.89 0.84 097 093 087 098 095 090 098 0.94 0.89
(2.93) (2.23) (1.87) (2.28) (1.74) (1.46) (2.93) (2.23) (1.87) (2.29) (1.74) (1.46)

250 0.89 072 0.63 098 092 087 1.00 097 090 1.00 096 0.90
(2.94) (2.24) (1.88) (2.28) (1.74) (1.46) (2.94) (2.24) (1.88) (2.29) (1.74) (1.46)

500 051 028 0.18 093 081 070 099 094 090 098 094 0.88
(2.97) (2.26) (1.90) (2.29) (1.74) (1.46) (2.97) (2.26) (1.90) (2.30) (1.75) (1.47)

1000 0.00 000 0.00 066 037 028 099 095 090 099 096 0.89
(3.04) (2.31) (1.94) (2.30) (1.75) (1.47) (3.04) (2.31) (1.94) (2.34) (1.78) (1.49)

2000 0.00 0.00 0.00 002 000 000 099 096 090 099 093 0.87

(3.22) (2.45) (2.06) (2.34) (1.78) (1.49) (3.22) (2.45) (2.06) (2.40) (1.82) (1.53)

is worth mentioning that these results did not account for the potential time expenditure in data
communication among different data blocks.

Table 2: Average CPU time for each replication based on B = 500 replications for the split and
conquer (SaC), the Zhang’s SAVGM, the weighted distributed (WD), the debiased split and conquer
(dSaC) and the debiased weighted distributed (dWD) estimators for the logistic regression model
with respect to K. The dimension py of the nuisance parameter \j is 10 and total sample size
N =2x 10°

K SaC SAVGM WD dSaC dWD
10 34.60 35.19 43.84 50.47 55.35
50 20.13 20.18 24.16 29.99 33.69
100 15.60 16.20 17.74 23.63 24.47
250 10.77 12.61 11.88 18.22 20.39
500 11.55 14.50 12.56 18.80 23.73
1000 15.23 18.27 16.28 22.38 32.24
2000 23.42 27.99 24.62 30.43 48.05
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6.2 Real data analysis

In this sub-section, we report results from an empirical analysis on an airline’s on-time
performance data to demonstrate the proposed weighted distributed estimation for massive
data. We aim at quantifying the association between flight departure delay and a set
of covariates, the arrival delay of the previous flight of the same plane, the seasonal ef-
fects, and the weather conditions with a logistic regression model, based on data from the
top 10 busiest airports in the United States in 2007. The flight data are available from
https://community.amstat.org/jointscsg-section/dataexpo/dataexpo2009 and the weather data are
obtained from https://cds.climate.copernicus.eu/. We segmented the full data of N = 2412782
according to the airports of departing flights and obtained 10 data segments. For each segment, we
split it to data blocks of size n = 5000, while the residual data blocks were discarded, such that the
total number of blocks K = 479.

We included seven covariates in the logistic regression: the arrival delay of the previous flight,
the season (encoded by three dummy variables: spring (March-May), summer (June-August), au-
tumn (September-November) with winter as the baseline, the near-surface air temperature and pres-
sure, and the rain rate before the scheduled departure time. The coefficients of the three weather
variables were treated as the common parameters while the remaining coefficients including the
intercept were regarded as heterogeneous; see Section C.3 in the supplementary material for the
justification. The estimated common parameters of the near-surface air pressure, temperature, and
convective rain rate with 95% confidence intervals using the weighted distributed estimator and the
split and conquer estimator are shown in Figure 2. Both methods successfully identified a signifi-
cant association between the three weather variables and the departure delay of a flight. Besides, the
weighted distributed estimator reduced the lengths of the confidence intervals of the estimated com-
mon parameters compared with the split and conquer method. In particular, the confidence interval
of the rain parameter was shortened by 19.1%, while those of the other two common parameters
were shorted by 2.2% (pressure) and 2.9% (temperature), which justified the statistical efficiency of
the weighted distributed estimator.

The data analysis demonstrated the feasibility of implementing the proposed weighted dis-
tributed estimation method for real-world distributed inference problems. With only one round
of weighting to tackle the heterogeneity among the nuisance parameters, more efficient estimation
can be obtained.

7. Discussion

This paper investigates distributed statistical optimization in the presence of heterogeneity in the
data blocks. The weighted distributed estimator is able to improve the estimation efficiency of the
split and conquer estimator for the common parameter. Two debiased estimators are proposed to
allow for larger numbers of data blocks K. The statistical properties of the proposed estimators
are shown to be advantageous over the split and conquer and SAVGM estimators. In particular,
the weighted distributed estimator has good performance for smaller K relative to n, and the debi-
ased weighted distributed estimator that conducted both bias correction and weighting offers good
estimation accuracy for large K.

An important issue for the distributed estimation is the size of K relative to the full sample size
N. This is especially true in a Federated Learning setting where the number of data blocks is usually
very large. Both the split and conquer and weighted distributed estimators require K = o(N 1/ 2
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Figure 2: Estimated common parameters of the near surface air pressure, temperature and convective
rain rate with 95% confidence intervals using the weighted distributed estimator and the split and
conquer estimator
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to preserve the the N''/2 rate for the asymptotic variance. The debiased weighted distributed and
debiased split and conquer estimators relax the restriction to K = o(N?/3) without sacrificing the
convergence rate.

In machine learning, the multi-task learning (Smith et al., 2017) framework is a strategy to tackle
the statistical heterogeneity in a distributed network, which fits separate local parameters {¢y} € RP
to different data blocks (tasks) through convex loss functions {¢j (-, -)} and is formulated as

K nyg
. T . .
min {;;emxk,l,mz) +R<c1>,sz>}, (16)

where @ is the matrix with {¢;}< | as column vectors, Q@ € RE*K and R(-,-) measures the
extent of the heterogeneity among different data blocks. Choices of R (-, -) include the bi-convex
function R(®, Q) = §;tr(@QPT) + 62| ®@||% for 61,2 > 0and Q = Ixxx — (1/K)1x1% such
that tr(®Q®T) = S ||ér — ¢k |3 where ¢ = (1/K) SOt 61, which leads to the mean-
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regularized multi-task learning (Evgeniou and Pontil, 2004) with R conducting regularization on
each local model.

The distributed framework in this paper is well connected to multi-task learning in two aspects.
One is that despite we use the same objective (loss) function M over the data blocks, the het-
erogeneity induced by local parameters {\;} and the distributions effectively define My (¢, z) =
Mz, ¢, \i) is equivalent to the block specific loss functions ¢ used in (16). Another aspect is that
although multi-task learning assumes different parameters { ¢y} over the data blocks, it regularizes
them toward a common one. In contrast, we assume there is a common parameter ¢ shared by the
distributions. By doing so, we are able to clarify the source of heterogeneity {\r } and homogeneity
¢ instead of putting an equal treatment on all the dimensions of the parameter and focusing on the
statistical inference of the common parameter.

Appendix

The Appendix is organized as follows. Section A provides derivations of the formulas given in the
main text. Section B contains detailed proofs of the theoretical results. More simulation results and
details about the real data analysis are reported in Section C.

A. Derivation of formulas

A.1 Expansion of the full sample estimator gZ; Full

By integral form of Taylor’s expansion around the true value 6%, we have

Opxi = UN(X; 0 putly M_fulls -+ MK full)
= UN(X;0%) + J(OF)(Opurr — 0F) + (VUN(X;0%) — J(07)) (0 pur — 07)

1
—i—{/ VUN(X; 0% +t(0pun — 07)) (O purr — 07)dt — VI N(X;50°)}(Opur — 07),
0
where J(0) = E (VW (X;0)). Then, inverting the above leads to
Opan — 0" = —J(0") " Un(X;0%) + Ry1 + Ruo, (17)

where Ry1 = —J(O) Y{VIN(X;0*) — JO)}Opar — 6*) and Rya =
—J(0%) Y fy VON(X:0% + t0par — 09)Opan — 0%)dt — VON(X:0%)} (O — 0%) are
both higher-order remainder terms. Since .J(6) has the following form

wo(h N0 0 0
J(0) = " ,A( ) mW(0) | s
: 0 0
nKi’f(@K) 0 0 nxP(0x),

then the right bottom part of J(f) is a block diagonal matrix, whose inverse is at
hand. Thus we can see J(f) as a 2 x 2 block matrix and directly apply the block ma-
trix inverse formula (Lu and Shiou, 2002). Thus from (17) we have ¢py — ¢* =

R (/N a6} (/N 20 271 So(Xiis 6)} + 0p(N71/2).
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A.2 Lipschitz continuity of the outer product of the gradient in logistic regression model

First we define the logit function logit(a) = exp(a)/(1 + exp(a)) for a € R. Then the logistic
regression model can be defined as P(Y = 1|X) = logit(X” 3*), where X, 3* € RP. If we define
the objective M as M (z, ) = —ylog(logit(xT B))+ (y—1)log(1—logit(zT B)), where z = (y, z),
then the outer product of gradient, denoted as f(z, 3), is f(z, ) = (y — logit(xz” 8))%xxzT. Now
we have

1£ (2, 1) = f (2, B2)l2

lza" (2y — logit(z" B1) — logit(z" B2)) (logit(x" B1) — logit(z" B2)) |2
lz2" (2y — logit(a" 1) — logit(x" B2))(1 — logit(€))logit(€)z(B1 — Ba)ll2
< ll3181 = Bl

A

where the second equality comes from an application of the mean value theorem.

A.3 Errors-in-variables model

We first give a derivation of the objective function from the perspective of statistical optimization.
As we will see, the derived objective is exactly the same as that when we do orthogonal regres-
sion or “Deming’s regression” (Carroll and Ruppert, 1996). Consider the conditional likelihood of
(Xk,i» Yr,i) given Zj, ; in block k

JUXki b AV} {2}y Ok) = Hfl(Xk,i|Zk7i)f2(Yk,i|Zk,i)
i—1
1 - 1
:(27“,2)” Heacp{—ﬁ [(Xl?z + (Y — 0)%) = 2Z5i(Xii + Me(Yei — 8)) + (L 4+ A0 Z7 4 | -

i=1

By the factorization theorem, X}, ; + A, (Y); — ¢) is a sufficient statistic for Zj ; if 0, = (¢, \g,) is
assumed to be known. And Xj,; + 2\, (Yii — )| Zr.i ~ N((1 + A2)Zk 4, (1 + AF)o?). Then, the
above conditional likelihood can be factorized as

JUXki b AY i} { Zrsi s Ok)

£/1+ )\i n 1
(—=)" (Ao X

erLPY\— %57
om0 Hl P32 40

— (Vi — 0))*Yh(Xii + M (Yei — 0)| Zka)s

where h(s;|z;) is the conditional density of N'((1 + )z, (1 + A})o?). Since {Zg;}",
are not observable, we discard the factor h and construct the estimator based on the first
part of the factorization, which is denoted as f({Xp.:}, {Yii}|{Z1i},0r). Differentiate
log fF({Xpi}, {Vii}{Zki}, 0r) with respect to 6 = (¢, \)”, we obtain

Zlogf ({ X} {Yait {2}, On) = —orrgy 2oimt Mk Xi — (Yies — 0)),
%logf({))gk,i}7 {YeitH{ Zki}, k) = nli—’;i +30 W(MXM — (Vi — 9))?
=izt gaigany Ak Xii = (Vs — 9))-
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However, E <Vf({X;m-}, YiitH{ Zki}s 97;)) = (0,75 /(1+A;2))T # 0251, thus a correction
term should be added to construct an appropriate objective function which satisfies the standard
first-order condition in statistical optimization framework:

. n

Moo (X0 b Vi {2k Ok) = —log f({ X}, {Viei[{Zn.i}, O) + Slog(1+ A7)

1 n

= - Y (MXpi — (Yii— 0)* +C(0),

202(1+)\%) ;( kA\E, ( k, ¢)) + (U)
where C(c) = nlog(v/2mo) is an absolute constant so we also discard it. The corresponding

M-function is .

M (X, k) = e Xk — (Y — 9))”. (19)

202(1+ A7)

Below we check the identification of the true parameter under this objective function. We can
directly solve the population level first-order conditions (FOC) using E (VM (Xk, Yi|Zk,0r)) =
021, which are given as

o~ ( (14 3) (O = NDE (Z0) - (6" ~ 6) )
(A, + DO = ADE (Z2) = A6 — 6% + (6 — 67) (1 + 200, — N)E (Z4)

(20)

To solve the above set of equations, we consider the two scenarios. When EZ;, = 0, from the

first equation we obtain ¢ = ¢*, then the second equation reduces to C (A A\f + 1) (A\x, — A\f)EZE =

0. Since we have assumed A, A\; > 0, we must have A\, = A\;. When E (Z;) # 0, if Ay # A} we

would obtain E (Z;) = (¢* — ¢)/(A\r — A). Plugging it into the second equation of (20) and we
can obtain

(14 ApAf)
2T+ D2 — AL

(w2082 - (6~ 07) =0,

which is impossible unless Zj, is degenerate, namely Z;, = (¢* — ¢) (A, — A;.) with probability one.
This leads to a contradiction. Thus we must have \;, = A7. Again from the first equation of (20) we
will obtain that ¢ = ¢*. In summary, EVM (X}, Yy |Z, 0;;) = 021 if and only if 6, = 6;.

To give an explicit form of asymptotic variance of the estimator obtained from the M-function
(19), we can directly calculate the following two terms:

E (V2M (Xy, Yi| Z1; 03))

D S Xp 200Xk —(Ye—9%))
- E o2(1+X12) o2(14+X52) o2(14X52)2
- X5 2 Xe=(Ye—¢")  BAP-DOGXE—(Ve—9¢")% AN Xk (A\pXk—(Yi—¢")) + X3
0.2(1+>\:2) 0.2(1+)\:2)2 02(1+>\z2)3 02(1_’_)\22)2 02(1_;'_)\22)

B 1 1 EZ, and
21+ M) \EZ, EZ}
E (VM (X, Yi| Zi, 05) (VM (X, Yi| Zi, 67))7)

1 EZ
P7) 20N o ( 1 EZp )
EZ EZ 1 = ST o | Bz, EZ2 o
02(1+§,§2) 02(1+§;2) + (1+X;%)2 o*(1+ )‘k ) k BT T+
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Thus we have

1 (1 (EZk)2> _ 1 Var(Zy)
o2(1+ A;2) EZY T 021+ X\?) EZ}

Var(s,) = (1 _%>; : s 1
ar(Sy) = EZ? o2(1+ A2) \ EZy, EZ/3+1J(:7/\Z2 —gg’é

k
. 1 Var(Zk) 4 02 (EZk)Q
o1+ N | EZE 1+ X2 (EZ2)2 )

J¢IA(9;~;) and

which leads to the Equation (8) in the main text.

A.4 Equivalent variance minimization formulations of the weighted estimators

For simplicity, we assume that ny = ny = --- = ng = n. We claim that the following two
formulations of the variance minimization problem have identical solution.
Formulation 1: Trace Operator

K K
Minimize tr(ZWkaW,;‘F), s.t. ZWk = Ip,. 21
Wi k=1 k=1
Formulation 2: Frobenius Norm
K K
Minimi Wi H Wi . Wy = 1I,,. 22
inimize I ; W P, s ; k= 1Ip (22)

Proof @ We solve problem (21) first. The Lagrangian of this problem is L; =
tr(Zszl WkaWE>+ < ALY Wy — I, >, where A; € RP1*P1 is the corresponding

Lagrangian multiplier. If we take derivative of L; w.rt. Wj we can obtain 2W,Hj, + A; =
0,k =1,2,--- K. Then W}, = —%AlHk*l. Using the constraint Zszl Wy = I,,, we can
obtain A} = —2(3°5 | A7)~ ! and Wi = (K, A;1)7TA; ! Now we turn to solve the problem
(22). Equivalently we can minimize the square of the Frobenius norm, and the corresponding La-
grangianis Ly = || Y1, Wi Hi,WE |2+ < Ag, S Wi— I, >. Taking derivative w.r.t. W}, we
can obtain 4(> 5 W, A,WT)YW, Ay + Ay = 0. Now we can use the constraint S5, Wy = I,
and get A5 = —4(32., WoA W) (D2, A7) and Wi = (002, A7) 1A u

A.5 Second-order Bartlett’s indentity under QMLE

For the quasi maximum likelihood estimation (QMLE), we only check that the second order
Bartlett’s identity holds for independent observarions. Suppose that the components of the response
vector Y are independent with mean vector p and covariance matrix o2V (1), where o2 maybe un-
known and V(1) is a matrix of known functions. It is assumed that the parameters of interest, 6, is
a function of y. By independence of the components of Y and the physical mechanism plausibility,
it is reasonable to assume further that V;(x) depends on  only through 1;, which implies that

V() = diag{Vi(p1), Va(p2), -+ Vi(pn) }-
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For a single observation Y, we can construct the score function as U = u(y;Y) = (Y —
1)/ (c2V ()). Then the corresponding objective function can be defined as

Quiy) = — [ L=t 23
May)_ y O'QV(t) ) ( )

which behaves like a negative log-likelihood: E(V,Q) = 0, Var(V,Q) = E(VﬁQ) =
1/{c?V(u)}. We refer to Q(y;y) as the negative quasi-likelihood (McCullagh, 1983), or more
precisely the negative log quasi-likelihood for p based on data y. By independence, the nega-
tive quasi-likelihood for the complete data is the sum of the individual contributions: Q(u;y) =
> 1 Q143 vi)- The quasi-likelihood estimating equations for the regression parameters ¢, obtained
by differentiating Q(; y), can be written in the form U (0) = 0, where U(0) = —DV (Y —p) /o2
is called the quasi-score function. The components of D, of order n X p, are D;, = Ou;/00,, the
derivatives of 1(#) with respect to the parameters. Suppose the true parameters are 6* and p*, then
by the zero-mean of U (6*), we have

CoV{U(9")} = E(U@OU®*)") =DV 'D/o* and

ou . Ty ,o1 O, 5 ODTVY — Tyr—17y /.2

A.6 Generalized second-order Bartlett’s identity for parametric regression

Suppose that we observe a random sample (X1, Y1), (X2, Y2), -, (Xy, Yy ), which follows
Y = fo(X) + e, E(e|]X) = 0, Var(e|X) = 0*(X), X ~ p(x).

Then the objective function for the least square estimation is M (Z,0) = (Y — fp(X))? with Z =
(X,Y). Note that

E(M(Z,0)) = E(fo(X) — fo-(X))* + B ~ B (M(Z.0°)) + E((0 — 0)"V f- (X))%. (24)

which suggests that VZM (0*) = 2EV fp+(X)V fo«(X)T where M(0) = EM(Z,0). For the
approximation (24), see van der Vaart (1999). If we assume the independence between e and X,
which implies Var(e) = o2, then E (VM (Z,0*) VM (Z,0*)T = 462EV fy-(X)V fp- (X)) with
the multiplicative factor ~ for the generalized second-order Bartlett’s identity being 402,

A.7 GMM formulation of the full sample statistical optimization under heterogeneity

It is noted that Wy admits the following form

Var{ie, (X11; 0%, AF)} 1 0 . 0
0 Var{te,(Xa1; ¢*, A5}~ 0
Wy = ) .
0 0 Var{te, (Xx1; 6%, Ni)} !
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Thus, Wy is a block diagonal matrix. Also note that

WN( ")

Gi = E{ }
¢¢(X1 mﬁ* AT Un (X107, M) wi(XK,z';W,)\F() Vo (Xkei5 0%, N )
'(/J)\(Xl z7¢* A*) ,(/J)\(Xl77,7¢*7)‘*1<) 0 0 0
- E 0 0 wf(Xzi;(b*a)\S) P Xa4i3 0%, \3) 0
0 0 0 0 V(X 0% Nye) O (X ks 0% Nie)

then the asymptotic variance of the GMM estimtator (Hansen, 1982) is AsyVAr(éGMM) =
(GEWoGp) ™! and has the following form:

o1 DUy (67)T S5 DV (6) m DV (65)" 5 1D‘I’A(9 ) o ngDW(05) S5 DYA(05)
nlD\I/,\(H*)TZSlD\II¢(9*) n DU,(07)TSg | DWA(B;) 0 - 0
0 : ;
: : T 0
nx DV (05) 7S5, DV (05) 0 o 0 ngDUA(05)T S5, DYA(OF)
where

DW4(0:)" = (W5(0) WA(04)) . DUAB)T = (W5(6) A(0))) and X = Var{ug, (Xe; 0 A0}
By the inversion of block matrix, AsyVar(dSG M)~ ! has the following form:

K -1
> {D% ;) Eg,ED\IJQS(é)};)—D\IJ(P(@};)TEg;D\I/A(Q,’;)(D\I/A(G,’;)TZE’;D\I/A(QZO D\IJA(GZ)TZE;D\I%(Q,:)}.

k=1

we denote the elements in the above summation as nx Uy, then it is straightforward to verify that

(- (gt siomi o}

namely, the inverse of Uy is the left top part of the inverse of a bigger matrix in the RHS of the
above equation, from which we are able to obtain the simplified expression of Uj:

I -1
AN (Q*F)—1 x "
Up = {JG;M(mm ~VORAO) ) Sk (_q@(egﬁpf(e,’;)) JW*}

= JoaZi g

. —1
Now we conclude that AsyVar(dayn) = (Zszl J¢|AE;1J¢M> , which is the same as that of

the WD estimator (;ASWD .
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A.8 Asymptotic efficiency comparison of A\, and 5\,(3)

Theorem 9 Under the conditions required in Theorem 4, if K — oo, then for the updated estimator

5\,(92), we have that

VAR ) b N0, 030 T B (X 00)0a (X 0)TTXOD . (29)

Hence, the asymptotic distribution of 5\,(62) is the same as that of the estimator of \; obtained

when the common parameter ¢* is known. It is noted that the joint asymptotic distribution for the
estimator 0, = (¢F, AL)T is

k(O — 07) 5 N0, T5(07) " B, (Xi1; 07)0ba, (Xea; 07)TT4(67) 1),
which leads to

VARG = Ap) 5 N0, Iy (05) " Var(Sy(Xe: 0))Jajo (0) 7). (26)

There is not a definite order on the relative efficiency between A, and 5\,(62) by comparing the two

asymptotic variances in (25) and (26), suggesting it would depend on the specific M function and
the model setting. For general statistical optimization, a known nuisance parameter (here ¢*) does
not necessarily improve the efficiency of a parameter of interest Yuan and Jennrich (2000); Henmi
and Eguchi (2004), which is the case for the current setting. Consider again the errors-in-variables
model where it can be shown that

. 4 1 . ot a2(1+A2)\ 1
AMhe 7 and M) =~ )
Var(A”) Var(Ze) g Var(Ae) (E(Z2))2 + E(Z2) ) ny

When E (Z;) = 0, i.e. Var(Zy) = E(Z}), the updated estimator 5\1(3) is more efficient, and the
efficiency gain gets large as )\% increases. However, if E (Z) has a large absolute magnitude, Ak

)

can be more efficient than 5\,(3 . Moreover, the requirement in Theorem 9 that K’ — oo is to obtain

a succinct asymptotic variance of 5\,(42). The above conclusion does not change for the fixed K

case. Consider block 1, we assume 5\52) 2 A7 and oWP is \/n1— consistent (detailed proofs of
both claims are available in the next section). Then by Theorem 1 in Yuan and Jennrich (2000), if

% *\ (1 * d . 1 N
VT (G S0 (X1 67) + 5(07) (WP — 6)) 5 N(0, Q). we will have /(AP — A7) %
N(0,9) where © = W3(67) "' QW3(67)~". Denote T, x = /nP3(07) 71 (2 30 (X145 07) +
\Ilf(Qf)(qSWD — ¢*)), then T}, x should have the same asymptotic distribution as \/ﬁ()\?) —A)).
So, we study the limiting behavior of 7T}, i for simplicity. Consider the homogeneous scenario as a
special case when 0] = 05 = --- = 0%, n1 = na = --- = ng = n, then the optimal weights are
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Wy =Ws=-=Wj = %I, xp,. Now we have
1 Ko .
Tk = %\PA Chn Zw (X13;07) = W3(07) D (0 — )
=1 k=1
:Lqﬂe* Z¢X o) — \Iﬂbe*Kli LSs (X3 605)) + 0p(1)
\/ﬁ e A 1,45 U1 kle ¢|)\ ¢ ks Vg 'D
k' — * * - 1/} Xll?
= ((1—%)‘1%(91) Lo (65) Ipm) V2 M (67) Z(wf X“,g*
wA(67) 0l (67) LSy LS (Xpi: 0 1) 27 1
- A( 1) 1) n?zz E35Y (X5 0F) + 0p(1) n7k+0p( )-

k=2 i=1

We can verify that Var(T. ) = (1— £)03(05) " Var(vx(X1,1;07)0A(07) ' + £ AsyVar(y),
or equivalently, AsyVar(A®) =~ (1 — 2VUN07) "V ar(a(X1,1:07) T3 (07) 1L +
%AsyVar(j\l). Thus AsyVar()\g )) < AsyVar()\,) if and only if

TY(07) TV ar(ha(X1.1,67) T2 (07) " /n < AsyVar(Ay). 27)

The LHS of inequality (27) is the asymptotic variance of the estimator of \] if ¢] is known and RHS
is the asymptotic variance of estimator of A} when we jointly estimate (¢, A\i7)”. Henmi and
Eguchi (2004) showed that the inequality does not always hold for general statistical optimization
problem and derived a sufficient condition under which a known nuisance parameter (¢*) will lead
to a bigger asymptotic variance of the estimator of the parameter of interest (A]).

A.9 Bias correction for statistical optimization under logistic regression model

Given observations {(y;, X; )}Z 1» we now construct B(f). Denote y = (y1,y2, - ,yn)’, X =
(X1, X2, -+, Xp)T and § = (91,92, , ) with §; = logit(zlB). Since —logzt( ) =
logit(a) gzl(l —logit(a)s), then we have VM, (8) = 1 XT(§—y), VM, (B) = 2 XTdiag{y-
(1 —9)}X and V3M,(8) = 130, 6:(1 — ;) (1 — 2g)zvec(z; ® ;)T where - denotes the
element-wise product of two vectors and vec is the vectorization operator. Then, the bias-correction
formula is a combination of the gradients up to the third order.

A.10 Comparison with a one-step estimator

Huang and Huo (2019), also under the same homogeneous setting, considered to utilize the second
order information of the M -function to allow for a larger K. They proposed a one-step estimator
which aggregates the local Hessian matrices and gradients and performs a single Newton-Raphson
updating. The estimator, denoted as 6, has a MSE upper bound

5 2E (|| Ve, Yo (07) ", (X1,1507)13) C
1 2 1 1 1 Ly 2
Thus, this method allows for K = o(n?), while still preserves the O(N 1) convergence rate. The

price of this procedure is one extra round of transmission of the local Hessians and gradients. To
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mitigate the communication burden, they considered to use only one local Hessian matrix instead

of the averaged one. Let HA(LIQI be the estimator. They showed that

A1 . 2E (||Vo, Wo(07) "bg, (X1,15607) |15 C, Oy
5 (g, - o713) < 2T O 0o B0 | QL G )

which is similar to the MSE bound of the dSaC estimator in Corollary 8. However, both 6

and HA(L% are not readily extended to the heterogeneous setting, as the one-step update procedure
relies crucially on the N'/2—consistency of the initial estimators of all the unknown parameters
(van der Vaart, 1999), but the convergence rate of the block-specific estimators )\ are only of order

Op(”llgm)'

B. Proofs

Without loss of generality, we assume equal sample size n in each data block. Besides, unless
otherwise stated, we will use C, ¢; and C; to denote positive constants independent of (ny, K, N),
and the same C; can have different values from one context to another.

B.1 Lemmas

Before presenting the proofs of the theoretical results established in the main paper, we first establish
some technical lemmas in the following sub-section.

Lemma B.1 Suppose H and K are positive definite matrices of order p, and X and'Y are arbitrary
p X m matrices. Then, Q = XTH'X + YTK'Y - (X +Y)'(H+ K)"' (X +Y) = 0.

Proof Let A and B be defined as follows

Ao H X B K Y
“\xT XTH-1x )~ —\Yy?T vyTK-ly

Since H, K are positive definite, we can directly check that A, B are positive semi-definite. Thus
A + B is also positive semi-definite, and the conclusion follows. See Ando (1979); Haynsworth
(1970) for more similar types of matrix inequalities. |

Lemma B.2 Under Assumptions 1 - 4 and Assumptions 5 - 6 with vo = min{v,v1} > 1, if K =
o(n"?), then

A P
sup |0k — 0z]|2 — 0.
1<k<K

Proof Let G, ) = %Z?:l Gi(Xk,i) and 6, = min{p, pp—/4G}. For k = 1, ..., K, define the
following “good events™:

¥ * — * 1- _0
£ = 1 < 26, V3, Mok (00) — V3, MR < 22, 190, 012 < T—2P=00 ),

Then by Lemma 6 in Zhang et al. (2013), we obtain that under the event ﬂszlé’k,

2|V Mk (002
(1—=p)p-

16 — 6512 <
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Similar to the proof of Lemma C.1 in Jordan et al. (2019), there exist constants ¢y, ¢, c3 independent
of (n,K,d,G,L) such that P(UE_|£F) < (1 + c2(log2d)>" L? + ¢3R*") L. For any € > 0
and k < K, we define events &, = {||Va, M, x(0})ll2 < (1 — p)p—e/2}. Then by Markov’s

inequality and the union bound, there exist constants ¢, such that P(UK &) < ¢y KL?"/n®2.

Thus, P( sup |0 — 0] > ¢) = O(%;), implying that sup 16k — 6|2 L oforK = o(n"?). &
1<k<K 1<k<n

Lemma B.3 Inv(A) : GL(RP) — GL(RP) : A — A~'is Lipschitz continuous at any A €
GL(RP), where GL(RP) consists of all p X p invertible matrices of real numbers.

Proof Let Ay € GL(RP) be given. Denote 1/||Ay*||2 = & > 0. It follows that for all z € R? we
have ||z|s = || Ay Aoz||2 < (1/6)] Aox||2, namely ||Agz||2 > J||z||2. Assume that || A — Ag]|2
5/2, then ||Az|]s > || Aoz|]2 — [|(A — Ao)z|]2 > §||x/|2, which means A~! exists and || A~[|
2/8. Since A~ — Ayt = A7 (Ao — A)AG |ATT = Atz < AT l2] Ao — All2[| A5 2
(2/6%)||A — Ag|2, which completes the proof.

HINIANA

Lemma B.4 Under Assumptions I - 4 and 7, and Assumptions 5 - 6 for v,v1 > 2, if K = o(n),
K K K J
{n Y Hi(07) " (dk — )Y O nieHe(05) 31D me Hi(67) (0 — 6°)} 5 x5,
k=1 k=1 k=1

Proof We prove for the case when K — oo, and the proof for the fixed K case is straightfor-
ward to derive. Denote 77 = {2 S5 H (05) 1} L S8 HL(07) M ow — ¢%), Je(6) =
Evng(Xk’l;Hk). Lemma B.2 has shown that P(N5_ &) = 1 — O(K/n?), where vy =
min{v,v1}. And since all the smoothness conditions in Assumptions 5 - 6 only holds lo-
cally, namely in the U, ball, so all the expansions hold only under the event ﬂleé'k. When
K = o(1/n"?), P(NE_ &) — 1 and thus Ty = T3 I1(NE_, &) + 0p(1). Then by Slutsky’s lemma
it is equivalent to obtain the asymptotic distribution of 777 (ﬂleé’k). In the following proof, we
assume the event ﬂszlé’k holds. By the integral form of Taylor’s expansion of Vg, M, 1 (6)) around
the true parameter 07, we have

O — O = —Ji(05) " Vg, My (07) + R, (30)
where R = RY) + R(),
RY) = —(0) V3 My r(65) — Je(0) (0 — 67)  and
RY) = (0™ /0 3 M (04 + 165 — 1))t — V3, M, (01} O — 0})

for each k. Recall the definition of Jy)\ and Sg( Xy ;; 0k), if we denote

K K n
4 1 *\—11— 1 *\ — *\ — *
Tl:_{EZHS(‘gs) "} lﬁzsz(ek) "I (05) T Sy (Xkii 0F) + R+ Ry, (31)
s=1

k=1 i=1
then Ty = TI(NE &) + Ti(1 — I(NE, &) = Ty + (Ty + T)A — I(NE_&)).
When K = o(n"), we can directly show that (T3 + T7)(1 — I(NE_ &) = op(1),
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so as long as we can show the asymptotic normality of T{, by applying Slutsky’s lemma
we can also show the asymptotic normality of 77. The explicit expressions of Rj, R
and their asymptotic properties will be investlgated after we establish the asymptotic nor-
mality of T1p = —{+ K Hy(0:) 131 -L Zk L H(05) T Ty (05) LS (X i3 07).-
Here we apply the Cramer-Wold device to reduce the problem into a scalar case. Since
(1/K) S5 Hy(6r)~" may not converge as K — oo in the presence of heterogeneity, we
turn to establish the asymptotic normality of the standardized version of 77 o, which is T ; =

—{% 2 Hy(0) Zk 1 i1 Hi(05) 1 T (05) " Sp(Xk: 67). For any non-zero
le R let i = —1T{% ZS:1 Hy(6%) '}~ 1/2 Py, where

Pk - Hk(ek) 1J¢|>\(0k) ( P1Xp1 _\IIQWZ)\I/&(eZ)il) . (32)

Then (1T}, = N-1/2 Zszl S by, (X3 07). If we denote Zgj) =
N2 Ty, (Xii305), then ITT1y = S5 Zgy and E(Zgyi) = 0. Below we
check the Lindeberg conditions. First, Eszl EZ%(JC =T = 012 > (. Second, for any € > 0,

K K
ZE (1Zr k5| Zxckl > €) =Y E(Zk kT 24 o 5e})
k=1
= 2 / / tP ’ZKkI{|ZKk\>e}| >t)

K o)
_ 62ZP(yZK,ky>e)+2Z/ LP(1 Zic] > )t
k=1"¢

k=1

where the second equality comes from the tail-sum formula for expectations of absolute moments.
Using Chebyshev’s inequality and Marcinkiewicz-Zygmund inequality with b3 being the corre-
sponding constant, we can show that

K K n K
1 ¥ /7 bs *
ZP(’ZK,IJ >e€) = ZP(’ﬁZl£w9k<Xk;i;6k)’ >eVK) < BK32 Z 15 (Hi/fak(XkJ;ek)H%) ;
k=1 i=1 k=1

k=1

Recall the definition of [, then we can use the boundedness of H,(6}) and ng M;,(65) to show
that ||/x||2 < C]|l]|2. Thus we have that

. 17<7~2a<gi<E(||¢ek(Xk 1;05)13)

K

bs
Y P(Zkkl > €) < 3K3/2\IZH2K maz B (|lve, (X, 130R)I3) = — 0.
k=1

VK

Now we consider the second part, namely > 1, [T tP(|Zk k| > t)dt. Note

Z/ P Zics| > t)dt = 2/ S 1F g, (X 0)| > tVE it

u=tyE ,17<T%CCL<J%EH¢91€(XI€ 1013
5 e mar Engk(Xkl,Hk)HQ K/ —du 0.

1< VE
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Thus we conclude that 7 1 4N (0, I, pl) Now we consider the remainder term Ry. We first
give the explicit expression of Ro: Ry = —(+ Zk VHy(05) )N/ Z,I: 1Pk{V9k nk(07) —
Jk(GZ)}(ék — 6;). Since [|& Zszl Hi(0;)~ 1||2 is bounded, we only need to show Ry 2

K “y— . .
{% Xmt Hi(05) "'} R2 = o0p(1). Since < B i I Bl va{ Vg, Mo (67) —
Je(05) Hlz2]] V() — 07)||2, by Markov’s inequality and Holder s inequality, we will have

PRl 20 < O Z¢ V{3, M) = SO}E) E (Il — 07)B)-

From Lemma 7 of Zhang et al. (2013) and Assumption 5 with v > 1, we know that
(H\f{v M, 1(6F) — J;AH;;)}H%) < C. On the other hand, by Lemma 6 of Zhang et al.

(2013) and using the event &, we can show that E (H\/ﬁ(ék — 9,’2)“%) < C;. Now since

K = o(N'/2) = o(n), we conclude that Ry = 0,(1). Then we control Ry, which is

o I/ Zpk{/ V3, Mo 65+ 100 — 00t~ V3, M0} O — 07),

where Py, is defined in (32). Now with K = o(n), we can similarly prove that || Ry 1|2 = 0,(1). B

Lemma B.5 Under the same conditions required by Lemma B.4, the following term is asymptoti-
cally negligible (i.e. op(1)):

K K
Z{Zns O e Hy(6) 7 =Y D neH(0) 7Y i Hi(07) 7N (= 0")).

k=1 s=1 k=1 s=1

Proof Denote the LHS of the above equation as 75, then we have

1 T2|2
< ok ZH ek S IR~ ) Ve - )
kl
K
- Zquek s fo{[l(ZHs R ZH Yllallva(de -

K  «a 2
= (T + ).

Since K = o(n), it suffices to show T2(1) and T2(721) are both O,(1). Under the event A defined
in Equation (51), we have TQ(J) (Ax) < % Zszl <\/ﬁ|25k(9,’;) —Ysk(0)]2 + \/ﬁ|]ﬁk(9,’;) -

L (092 + [lv/n 8y, — 9;;)\2) /78y, — 6%)l2. Thus for v > 1,v; > 2, by Markov’s inequality
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and Cauchy’s inequality we have

PR > 14w < s (OB (8s0000) — SsaG)13) B (102~ 0313)

+Coy[ (1Eal0) - Lu(0)13) B (102 0318) + G5 (161 - 313) )
— o).

Since we have shown P(Ag) — 1if K = o(n”) with o = min{v, %}, and we have assumed that

K = o(n) , we can conclude that T2(?1) = Op(1). We can similarly show that T2(,11) = Op(1). Now
we complete the proof. |

Lemma B.6 Under Assumptions 1 - 4 and 7 - 8, and Assumption5 with v,v; > 2,

< 2EI{Va, Yo (6;)} " o, (Xe1; 60113 | Co
< + =2

B0y — 0 — ny ' Br(07)|I3 -~ -
2

Proof By the expansion (30) of ék — 07, we have that

) * 1 * *\ — * 1 * N *
B0y — 0 — ﬁBkz(‘gk)”% = E||(—Ji(05) " Vo, My o (65) + BRI (&) — - Br(Or) + (0 — O)I(EDI5

IN

*\ — * 1 * ) *
2| Jk(607) " Vo, Mk (67) |5 + 2B | R T(E,) — —Br(0) + (6 — IED)3

2B J5(07) " Vo, M (Xy.1; 07)||3
n

C * N *
+C1E|RP 15 + n%HBk(@k)llg + C3E| (0 — 0p) 1(ED) 15

We have shown that E||R7(1k)H§ = O(%) For the boundedness of || By (0;)||2, see the proof of
Lemma B.9. Besides, we have from Lemma B.2 that

Bl(6e — 0)IEDE < /B8 — 6718P(C)

1 " "
< W\/MII(% — 00 1(E)13 + 2B]1(6x — ) I(ED IS

1 1 Cy 1
wez\ oz o = O002)

Lemma B.7 Let A1, Ay, -+ , A, € SP*P, if VA € RP, we have

IN

vec(Ap)T
vec(Ag)T
| : (A@A)|2 < AlA|3

vec(Ay)T
Then ||Al|a < \/pniA, where A = (vec(Ar),vec(As), - - - vec(An))T.
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Proof Since A(A ® A) = (ATAAATAA, - ATANT, A2AlF >
S (ATA;A)? which implies mgmHAng < A. On the other hand, for B =
(A1, Az, Ay) € R we have | Bl3 = Anae(X7) AiAT) < S0 Anae (A:AT) =
S A2 < nA2, which gives [|Ally = AT < /Y0, foec(A)[3 = /S0, 143 <
VPRA. ]

Let the infeasible debiased weighted distributed estimator be qgl aWD — Zle Wi (ng,bz:a where
@k pe 18 the first p; dimension of 6y, ;.. We first give a lemma on the MSE bound of this estimator.

Lemma B.8 Under Assumptions 1 - 4 and 7 - 8, and Assumption5 with v,v; > 4,

A . Cq Co Cs
B (16 = 5) < e+ i G3

Proof Under the event & defined in the Lemma B.2, we have that
0 = Vg, My (65) + Vi, M i (65) Ag + ;{/01 Vo, My o (05 + tAR)dEH AR @ A)
= Vo Mos(6)) + V3 M6 A + 5V, Mi(6) (B ® Ay)
(V5 M i (07) = V5, M (07)) A + %{ /0 U Mk 6+ D)t — V3, M0} Ak A
Recall that we have denoted Jy (0;) = Vzk M. (0y,), solve for the above equation and we will have
A = = J(05) Vo, My k(05) — Je(67) (V5 M 1o (67)
VB M(O7) A — 5 Je(0) Vi, Me(6) (A ® A
—;sz(@i)_l{/ol Vi My i (0 + tAg)dt — Vi Mp(07)}(Ap @ Ar). (34)

Now we first derive the MSE bound of the pseudo debiased weighted distributed estimator (with

known weights and bias correction term) ¢P4WD: grAWD — SNE T, (0%)(dy, — 1B}(65)). Re-

call the definition of Wj(6;), we have that [|p?™W P — ¢*(|3 < O+ S5, Hy(07) ' (% — 6* —
* K 7 * * ] * *)—

LBLODIE = Ol S, H(03) (A~ L Bu(67) 3. where F1x(67) = (Hi(67)~" 0) and thus

1Hk(07)ll2 = [|Hx(0F)]|2- Denote

* * 1 * *
ey = (V5 Mur(0;) — Vi, Mi(65) Ak — - Eon(0k)dik(0),
1
Q]ﬁg = (Ak ® Ak) — gEde(@;;) X d17k(¢9;;) and
1
s = | / Vo, My 1 (0 + tA)dt — Vi, My (6;)} (A @ Ay), (35)
0
then
Ar = —Brl) =1 D dik(07) + Qr07) (1 + o Hs o (00) Q2 + Q3) H (Ex) + Apl (E)- (36)

=1
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Furthermore, we denote

* 1 = *
Uy = {(Vo, Mni(05) — Vi, Mi(67)(Ag — - > dik(67)}
i—1
1 n
+H{(V5, Mk (6F) — Vi, Mi(6F) HZ ik (0F) — EUl K (0k)d1k(0F) }

1 2
= Q,(f i + Q,(C’i

)

For Q,(q i, under the event &, and by Taylor’s expansion we have that Ay — 2 37 | d; . (6})

Qk (03)(Jo V5, Map(0; + tAR)dE — V3 M(07)Ar, thus Ay — 5370 dig(07)I3Te, <
Ci(z 2 L G(Xa) A, + 02||V2 Mo (03) — V5 Mi(07)]13 1A < Collanli +

C’g||V9 M, 1, (0;) —V kMk(Q*)H | Ax|/3. Now using Holder’s inequality we can show that

n

E(Io0I3) < G{E ((i > G(Xk,m‘i) Y/HE (I1V5, Mo (607) = Vo, Mu(67)15) /4B (| Axll3)}/*

=1

. * C
+Co{E (| V5, M i(07) — Vi, Mi(07)18) Y/ {E (188} < —.

For Q,(f% by the independence of the data samples, it is easy to show that £ (Q,(fi) = 0, now we
show that E||Q,(€2i 2 < n% Denote e;; = Ev; 1 (0;)d; 1(65), then we have

(”Qk 112 ) v ZZZZE (vik(05)dj e (05) — €i)" (vs e (03)de i (07) — est).  (BT)

i=1 j=1 s=1 t=1

By a conditioning argument and independence among samples, it is straightforward to show
that if the set {7,j,s,t} has three or four unique elements, then FE(v;(0})d;r(6;) —
eij) T (v, (07)ds £ (05) — e;;) = 0. Thus the RHS of Equation (37) has at most O(n?) non-zero
elements and each of those non-zero elements can be bounded using Holder’s inequality. Thus

E||nQ§fiH% < C. By similar argument we can show that E||nQ§fiH‘21 < C'if v,v; > 4. By indepen-
dence among different Qg we can directly show that E|| & S H k(@;)Qk(HZ)QgH% < HQCK.
For Q2 » appeared in Equation (35), Q.2 = {(As@Ax)—(;; Y0y dik(07)@ (5 o7y dik(67)) 3+
{0 iy din0) @ (4 Sy disl0) — £Ed(6) @ disl0)} = 9 + ). We can
show that E|| % Zle Hy,(03)Qx (GZ)H;M(@,’;)Q,?% 12 < nQCK using similar argument as that when
we bound Q,(fi On the other hand, since ||a a—b®b|2 < 2lla— b|2(||lall3 + [|b]|3), we

have 2 (10031316, ) < 2B (1A% — & X0, di(6) 1316, (1AKI3 + 13 0 din(65)13))

<
CE ((1AI3 + 1173, Mas(67) — V3, M) IBNAIB IR + 12 7y din@DIB) < S

The last inequality follows from a direct application of Holder’s inequality.
For €2, 3 in (35), following the proof of Lemma 12 in Zhang et al. (2013), we can show that

| H3(05) — Ha o (07) ]2 < € 371 (G(X,s) +G), which shows E (\|ﬁ37k(9;) — H&k(e,@)ngv) =
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O(-5 L), Combined with the lipschitz continuity of ngM (Xk1,0k) with respect to 6, in Uy, we

can show that E (||, 3/|31¢,) < For A, I(£C), using Holder’s inequality we have that

_nd

1
E (|AI(EDZ) \/E (1Ax]13) PES) = (W)‘

Combined with E (Hn% S I;Tk(H,’;)dzk(H,’;)H%) = O((nK)™1), which is a direct appli-
cation of Lemma 7 in Zhang et al. (2013), we have

A C C C C
dW D * 12 1 2 3 4
B (167 = 6'15) < o + g + o8 + e

Lemma B.9 Under Assumptions 1 - 4 and 7 - 8, and Assumption 5 with v,v; > 4,

o . C
E (1B1(00) Iey... — Bu6IE) < —.

Proof Denote A, = ék — 0. By the definition of the event & ., we already have that
||Bk(ék)15k,bc — Bi(67)|13 < Cn?. Below we first control the ||Qx(6}) — Q1 (1)]|2 term. Note that
Qr(01), Qr(6;) are exactly Lil(ﬁk) —L(0;)~" defined in the proof of Theorem 3, thus under
the event {| Ly (6x) — Li(67) |2 < 5}, we have [|Qu(6}) — Qr(0k) |2 < (1 L&(0k) — Li(6}) 2.
Besides,

1Lk (Br) — Li(67) 12 < ZG X )12 + | Lk (6) — Lic(65)]l2- (38)

So if we define Egx = {[|Akll2 < &5, Gnx < 2G, || Li(6}) — Li(6;)|l2 < 2}, then under this
event we have ||Qr(0k)|l2 < ||Qr(0;) — Qr(Ok)ll2 + [|Qr(6])]l2 < p% + p—. Using union bound
and Markov’s inequality it is easy to show P(£g ;) = 1 — O(-+;) with vo = min{v, v; }. Thus we

have E (1g,,, [Qu(67) = Qu(00)113) < C1E (I1Ak]13) + C2 (I1L4(6}) = Lu(8})3) = O(). 1
is noted that
| Bx(0r) —Bk(HZ)H%
< 2/ Qr(0r)~ szk (k) 1 (On) — Qi (6%) Evi x (07)di 1 (6713
*HQk( Z d; 1 (O) © d; 1 (Or) — Qu(07) Ha . (07) Ed; 1 (0}) © d; 1, (67) 13

= QQk,l + §Qk72.
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Then we can bound those two terms respectively. For €2, 1, under the event &g j, we have

Qk‘,lng,k

A ) 1 - ~ N \J 2 * *
2(||Qk(9k){ﬁ > 0ik(0k)di gk (0k) — Evig(07)di 1 (07)} 316, ,
i=1

IN

+ e [IQk(OF) — QuO1) 131 B (07:)dir (07)13)

1 = ~ N\ N ~ * * 1 o ~ * * * *
< al > (i (On)di ke (Or) — 051 (05)ds 1 (67)) 1316, . + Call~ > 05 (07)di s (0F) — Boi i (65)d; 1 (67) |5
i =1
+C3le,, [|Qr(0F) — Q)13 (39)

By Lemma 7 in Zhang et al. (2013), we have E (|| 3™ | 9; 1 (07)d; 1 (0}) — Ev; 1 (0})d; 1(65)]13) =
O(2). Besides, using previous results we can also prove that £ <15Q7k |Qr(6F) — Qk(ék)H%) =
O(2). So we only need to show E (Q,(:D = O(2), where Q,(Cli = ||z Z:L:l(ﬁlk(ék)cfzk(ék) -
0o (0 i (7)) I3 e

1 - ~ A ~ *\\ 3 A 1 - ~ *\/ 7 A *
O < 20 S 00k(00) — 00k (0D (00) e + 20 S 01k (0) (dilBe) — die (6]) B
i=1 i=1
=207 + ).

Since [|9; (1) — i (0]) |2 < G(Xpi) || Akl

2 1 — .
O < CIAUB( Y G(Xa) Vo, M (X 00 2)*
=1

Under the event £, we have the expansion

1
V@kM(Xkﬂ‘; 0r) = ngM(Xk’i; o) + / ngM(Xkﬂ‘; 0y + tAp)dtAy,
0

which implies

Vo, M (X5 01) |2
< Vo, M (Xki505) |2 + C1G (X i) + C|| V5, M (X3 05) — Vi, My(05) |2 + Cs. (40)

Since vy > 4, by Holder’s inequality with three terms we have

1< )
E (lesk) <CE <||Ak||%n ZGQ(Xk,i)HVekM(Xk,i;@k)\%1&)
=1

<O (B (I8e]8) BG ((X10)%) £ (190, (X 0016, [5)}° = O,

i=1

35



GU AND CHEN

We can similarly show that £ (legk) = (9(%) Now we turn to bound €2, 2. Following the

proof of Lemma 12 in Zhang et al. (2013), we can show that

n

N 1
| Hs i (0F) = Ha (02 < — D (G(Xi) + ), (41)
i=1
which implies F (HETM(G;;) - Hgk(HZ)H%U> = O(:5). Besides, using Assumption 8 and Lemma
B.7, under the event £, we have

n
| Es(60) = Hsi(6}) ]2 < 2
If we define the event

1 . 1 - 2 * *
Ethird k= {ﬁ Zl G(Xk;) <2G, - ZlA(Xk:,i) < 2A,||H3(0;) — Hap(03)]l2 < 1}, (42)
1= 1=
then P(Epirar) = 1 — O(%) and under this event ||ﬁ3k(ék)||2 < (. Now under the event
EL N EQ 1 N Ethird . we have that

Qk,Z ]wgk ﬂ€Q7kmgthird,k’

A I B, .
< 2/ @ Ok) H3w (0k) > d; 1 (0) @ di (1) — Qu(67) Hs x(67) — Zdz K (05) @ dik(05) 1131 euneq anéumira
i=1 z—l
1 . * * * *\ (|2
+C|~ > " din(65) @ diw(67) — Bdyi(67) © di(07) 316,00,
i=1
< C1[(Qr(0k) Hs 1 (0r) — Qu(6) Hs (6})) de () © di g (On) 131 exrq nEmmira
=1
+02H* Zdz k() ® di e (0r) — = Zdz k(0F) ® di ik (07) 13160060
=1 =1
1 = * * * *
+CHE Z di x(07) © di 1 (0%) — Edyx(0F) © da 1 (03)13
i=1

= 1) + 000 + Caf)
Using lemma 7 in Zhang et al. (2013), we have (QS’%) = O(2). Now we consider Qg% Note
(1
Q

)
2

< O Hs0r) = Hs oI350, + 1Qr(0r) — Qu(61) 1314, levek (Xki3 00 131e,)%,

B(0f)) = OB (100 ~ Hux @ an,) + /5 (101600 - QDI )

1o A 1
E(~ Y Ve, M (Xei:00)[312,)" = O(-).
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)

Besides, we can also show that E (Q,?%) = O(%) In summary, now we have shown that

E <|]§(ék) - Bk(elt:)”%]‘gkmgQ,kmgthird . ). If we define the event Ep = ENEQkNEhird ks

then we can show that P(gk) =1- nvz . Bemdes, by subadditivity of the probability measure and
Markov’s inequality, we have that

c 1~ s
P(&pe) = PO IBr(0k) = Br(0)ll2 > )+P(||9k*9k|!2+*||Bk(9k)H2>
C C C
1 + 2

2)

1~ 4
< P |Bu(6y) - Bk(gk)”2> )+ PE) + < s+

Thus 240y~ B0 13 < 2E1B00) ~ B0 Bt e, + 2B B0 e, o, +
Cin?t <& + §+ U2 Ly + 54 = O(2). The result follows.

|
The asymptotic normality of the IdWD estimator is established in the following lemma.

Lemma B.10 Under Assumptions 1 - 4 and 7 - 8, and Assumption 5 withv,vy > 4, if K = o(n?),

K
(ggldWD _ gb*)T{Z nka(Hl’g)_l}(ngﬁldWD _ ¢*) i} XZ2)1'

k=1
Proof Note that
HIAWD _ 43)
Iy RPTN 1o, 1 . 1. -
= {x Z:Hk(ak) Y ;Hk(ek)((Ak = - Bi(00) + (- Br(6r)) — ﬁBk(Hk)lsk,bc))'
Since we have shown that E|| L By (6;) — %Ek(ék)lgk w3 = (%) by Markov’s inequality we

can show that v N (1 B, (65)) — %Bk@k)lgk,bc) = 0p(1) when K = o(n?). So we consider the first
part in the RHS of the above equation. Following (36),

1o 1
T Hy(0) (A — —By(6r)) (44)
n
k=1
1 K n ~ K
= EZ Hy(6)di i (0;) + Z k() {Quk(0F) (1 + Hsk(9k)9k2+9k3)}f(ﬂk 1€k)
k=1 i=1 et
Y AT SPIRTIa aNe
K 2 k(Or)(Ak n 2 ik (O k=1¢k)")-
Using results in the proof of Lemma B.8, when K = o(n?), VN % YK H.(09){Qr(07) (1 +
%H&k(ﬁl’;)QkQ + Q3)} = op(1), where Q; for 1 < ¢ < 3 is defined in
(35).  Besides, since P((NK_,&)°) = & for some vo = min{v,u} > 4,

VN LS B(0)(Ak + LY dis(BE)I((N,E)9) = 0,(1) when K = o(n?). Then,
we can apply Lindeberg-Feller’s central limit theorem to establish the asymptotic normality of
{% Zle Hk(el’;)—l}—l/Zﬁ Zle H;,(0;)d; 1-(0;), which implies the limiting X1271 distribution
of ¢IdWD using (43) and (44). |
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B.2 Proof of Proposition 1

Proof The consistency of the local estimator 0y, is directly implied by Lemma 6 of Zhang
et al. (2013). Below we consider the consistency of the global estimator . Define the
objective M(X,0) = (1/K) Zle M (xg,0;), where X = (zf 21 .. 21)T. Then we
can formulate an statistical optimization problem with the population objective as M*(#) =

(1/K)E (z,ﬁ;l M(X), 1;9,9). Denote M;(X;,0) = (1/K) K | M(Xy;,0;) and M (X, 0) =
(1/n) 3%, M;(X;,6). Now we can directly check that F <||V9M (Xl,Q*)HQ”l) < R? and

E (|[V3M;(X;,0%) — VZM*(6*)]|3") < L. Besides, for all 0,0 € U with U = {6]]|0 — 6*|]2 <
p}, we have

K
1
IVFM(X,0) = ViM(X,0)]2 < 7 2 Glar))0 - 0'll2,
k:l
where (1/K)E ((Ele G(kal))%) < G?¥. Also note that we can directly prove

- _1 0 p—
2 V% (%) = P—1py xpy o P= .
VQM (9 ) - < 0 %IKpngPg - KI(P1+KP2)><(p1+Kp2)

Now we can apply Lemma 6 of Zhang et al. (2013) to obtain the consistency of 6. |

B.3 Proof of Theorem 2

Proof See the proof of Lemma B.4. |

B.4 Proof of Theorem 2

Proof Note that

=

. 1 L
o —¢"ll < H(gZHk(H 1HzH*ZHk (0) 7 (D1 — 872

Since Hy(0;)~' = Z‘ I sy 2 Phlp, xp,» by Lemma B.3, the event ZHx = {||Hy(0,) —
Hy(6)~ 1||2 < §ok =1, K} implies |[{ % 24y Hu(0) ™} — {5 iy He(67) 7112 <
C%H Il( Zk:l Hk(ﬁk) — % Zszl Hi(0;)~ /5. Using Lemma B.3 again with Hy(0;) = clp, xp,
as assumed in Assumption 7, the event Hy = {||Hy(0)) — Hy(07)]l2 < §,k = 1,..., K} implies
|2 (0r) ™" = Hyp(03) 7|2 < 2| Hi(0) — He(0})l|2,k = 1,2, , K. Now for any € > 0, define
ey = min{e, c} /4, then under the event

Hse = {||Hp(0r) — Hi(0})||2 < em, k=1,..., K} (45)
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we have H{E o Hi(0r) 3 — {2 8 Hi(05) 7'} ]2 < e. Now using the boundedness
of || VP — ¢*||, we have

E (1677 — ¢ 3)

K
< GiE (H_,l( > Hi(0r) ok — ¢*)H§I(H§<)> (46)
Tk Lk
+CoF (H > (D3 Il D Hp(0k) Mk — 6N 31(HE) > C’4)> + C3P((H)°).-
k=1 k=1

To derive the upper bound of E (HQZA)WD — " H%) , we only need to separately bound the three terms
on the RHS of (46). Let us first consider bounding P((7% )¢). Denote

A

Li(0r) = Vi, Mnr(0r), Li(6r) = Vi, Mi(0r),
Vi(0r) = Lp(0k) 'Ssr(0x)Lr(0r)™" and  Vi(0) = L (0k) 'S (0k) Li(0%) "

By definition of H «(01) and the triangle’s inequality, we have
1H(0r) — He(0)ll2 < [[Vi(Ok) = Va(O)ll2 + Vi (6%) — Vi(67) - 47
Hence, we can bound those two terms on the RHS of (47) separately. Note that
Vi (0) = Vi (0r)ll2 = 1Lk (0) ™" S5 0 (0k) La(08) ™" — Li(0k) ™" S p(06) Li(08) |2

< 20| Lk(0k) ™" = Li(0) M3 + 1 Le(0k) M3 25,6 (0k) — Sk (0|2 (48)
1Lk (0k) ™" = Li(0k) M2 + 21 L (0k) "M I2) 1S58 (O 121 L (05) ™ = Li(0x) 2.

Then, under the event L5 = {||Lx(0%) — Lr(05)|]2 < min{ep? /2, p_/2},k = 1,..., K} with p_
being the lower bound of the eigenvalues of Lj(6;) as assumed in Assumption 4, we have
Ve (6%) = Vi (0) 12 (49)
1 - * * 2.2 ontr * *
< 2+ IS k0D) DOl + (4 ) UL — LBl k= 1, K

Similar to (48), we have

IVi(6 ) vkwk)uz -
< 2(1Lu(B) ™ = L0 3 + 120D IDISsx(00) — S5 (6)
RO > = La6) 7 o + 20 E(6) 1) SO 2 £ 0) ™ = L8~

Define an event

7 *\ — 2 S *
My = {nLk(ek) o < 2 IS 0p) e < 200,

Lo o po e
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Then, under this event for £ = 1, 2, ..., K we have

Vi (0x) — Vi (67) 12
s A e e . 4 16py  » - -
2+ N Zsk(00) = O ll2 + (e + =) 5= 1Lk (00) = LeO}) 2

IN

< (C1Bng + CoGrni) |0k — 6;]l2, (50)

where B, = (1/n) Y1 B(Xk,;) and G, = (1/n) > | G(X};). Note that ||i/k(9}§)_1||2 <
2 and [|Ssk(0;) || < 2p, are implied by [| Ly, (6;) — Li.(6}) |2 < % and [[Xs 4 (6;) =S5 (07) 2 <

Po

&, respectively. Thus, we define the event

Uk = {Bn,k < 2B, G < 2G, | Li(0F) — Li(6)]2 < C1,
!@&M%)—E&M%W256%k=lwwK},

which satisfies M ULS. C Uy and under Uy we have || Hj, (6 ) — Hy(65)]2 < C|\0r— 05 ll2+ L.
Furthermore, we define the event

A = U N (G2 E) N {10k — Oill2 < -5k =1,..., K}). (51)

7]
20"
By Lemma 6 in Zhang et al. (2013), under the event NX_, &, the event {110, —0ill2 < e /(2C), k =
1,..., K} is implied by the event {||Vg, M;, .(0;)|l2 < (1 —p)p—en/(4C), k =1,...K}. Now with
the union bound and Lemma 7 in Zhang et al. (2013), we can obtain that

K
P((H5)7) < P(AR) < O (52

where ¥ = min{v, G }. It is noted that we need the existence of higher-order moments of the score
(first-order derivative of the M-function) due to the estimation of its covariance matrix Xg 1 (6}) in
the construction of the estimated optimal weights.

Next we consider bounding E|| & S5, Hy.(0x) " (b1, — ¢*)||31(HS,) in (46). Recall the def-
inition of Hf% in (45), we can naturally decompose the event into Hj, = ﬂle’l-[;’((k), where
7-[;’{(’“) = {|| H,(0) — Hy(607)||2 < en}. Itis noted that under the event H;(k), we have

T (0 \— 2, 0~ 5 * *\ —
1 E5. (1) |2 < = |15 (Or) = Hi(0) 2 + [ 5 (6r) 2<c

Since elements of { H},(6),) (¢, — ¢*) 1 (’H?((k) )}HE | are independent with one another, we decom-
pose the term as follows:

K
E (nj( S Hi0) (o - fb*)II%I(H%)) < maz (iE (I = 67118) + 1B ()~ (b — 615 M)) ||%) .
k=1

1<k<K
(53)
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By the proof of Theorem 1 in Zhang et al. (2013), we have that E||¢, — ¢*||2 < % + %
Besides, for the second term in the RHS of inequality (53), we have

1B (Bk(6) 7 (Br — o)) ) 1B
2B ()™ = Hi(0) ™) — eV ) 1B + 201 (Hu(05) ™ (e — 0 IH™M) ) I3
B (100~ = En0) B bk = 6°13) + CUE (0 — o) 1HE™)) 13,

IN

IN

Using Equations (47), (49) and (50), we can show that for 2v > v >1,

oA N — %\ — v/ e,(k S A % v/ e,(k
1E(0r) ™" — Hp(07) 1 TH™) < CulIVa(0r) — Vi(0p) 1y T(H™)
< Co(Ssx(6)) — Ssr@Dy + ILu(67) — LB + 16 — 6515 ).

We immediately have £ (Hﬁk(ék)*l — H (0078 I(H W)) — O(1/n" /2). Thus by Holder’s
inequality we have

B (18600~ = He(0) ™ IBIHE) e — 6°13)
< B (1001~ e G B (164 - #18) = 03 + O

1
n3

)-

On the other hand, we have that
1B (6 = o) IH™)) 1B < 20 — 6713 + 218 (e — 691 = I(H)) 13
< 21B G~ 0B + 2B (I6x ~ 1) PO

= O(5) +1/0()0() = O(-3),

where the equation || E(¢y — ¢*)||2 = O(1/n?) follows from the proof of Theorem 1 Zhang et al.
(2013), and now we conclude that | E <ﬁk(ék)_1(¢3k - qb*)[(?—[;’((k))) |2 < C/n?% In summary
we have

* ¢ C C 3 C
(HZHM (6 — ¢ )!%I(HK)>snl+2+3+7§. (54)

At last we consider bounding E (H% SE (= D)L K He(Br) " (b — 613 = 04))
in (46) . Denote this term as R. Using previous results we can similarly show that

- 1 1
R= O(n?)+0(ﬁ)' (55)
With Equations (52), (54) and (55), the proof is complete. |
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B.5 Proof of Theorem 3

Proof With the results in Lemma B.4 and Lemma B.5, the proof follows from a direct application
of the Slutsky’s lemma. |

B.6 Proof of Theorem 9

Proof

To apply Theorem 1 in Yuan and Jennrich (2000) Yuan and Jennrich (2000), we need to check
the uniform convergence of 23" | (¢¢(Xk i 0T V(X Qk)T)T. This is actually the last
p2 columns of Ve S AC/) for 0r € Uy, so we only need to show the uniform convergence of

Vok n,k(0%) in Uy. By Assumption 5, Ve M (x; 0) is Lipschitz continuous w.r.t. 8y for 6y, € Uy,
then we can directly apply Corollary 3.1 of Newey (1991)Newey (1991) to establish the required
uniform convergence.

Now we are to show 5\(2) K A, Following the proof of Lemma 6 in Zhang et al. (2013) Zhang
et al. (2013), we can first show that under the event &, M, () is (1 — p) p—-strongly convex on
the ball Uy, = {[|64 — 0% /|2 < px}, where pj, < min{%z, p}. Define the event Eyyp i, = {||¢"7 —
¢*|l2 < px/2}, then under this event, §} = ((ZSWD,)\Z) € Uy. Forany ), = (@VP \p) € O, if
0;6 ¢ Uy, then under Ew b,k there exists wg € [0, 1] such that 9/ ko = woﬁl +(1- UJ(])é* lies on the
surface of the ball Uy, and thus ||6), 0 — 0t|l2 = wol|6), — 0% |2 € (& 3”’“) Now under & p i, we
have that

Moi(0)) > Mop(6y 0)+ < Vg, M, (6 0)s O — 9;,0 >
> Mux(05)+ < Vo, My 1 (65),0, — 07 > +2(1 —p)p ’f
+ < Vg, My (0).0) — Vo, My i(67),6), — 9k0 >
> nk(Gk)—i— < Vg, nk(ﬁk) 9 9k > 4= (1 —p)p pf, (56)

where the first 1nequahty holds due to the convexity of M, k(Hk) on Uy and the second holds due to
the strong convexity on Uy,. The last inequality holds due to 0 —0F = % (Qk 0~ 9*) When 9 €

Uy, with strong convexity Equation (56) still holds with % changed to [|0), — 0%[13 = ||\ — ALll3.
In any case the following relationship holds under the event Ewp j:

2
My (6)) = My o(07)+ < Vo Mo gi(07), 6, — 0 > +5 (1 - )p—min{%, 12 = AElI3)-
Rewriting the inequality we obtain that

2z
(L=p)p-
(Mo (6),) = My (07) + |V o, My i (07) 12110, — 0712)- (57)

2
min{|n = M3, 2} <

2
(L—=p)p-

(M1 (0k) = Mg (67)+ < Vo My i(67), 6, — 0 >]
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Now if we denote 0;6’1 = (WP, 5\,(3)) and set 0, = w0, ; + (1 — k)0 for any fixed x € [0, 1], we
will have

oy 20l + (L 000) = Mar(0) 20V Mok (Bl

min{k| A ~Nillz, — ")
4857 = Ao w(1 = p)p- A2 = Xila (0~ P

By definition we have M,, (6, ,) < M, x(0;) and thus by convexity we have

2 1)
. L2 p 2|V, M1 (07)]]2
mzn{m”)\/,(c ) _ Azll2, A(z)k - < (f _n) b
4N = Afll2 P)p—
0 .
Define the event & , = {W < £:}, then under this event we have
L) Py Pk
min{k||A;7 — Ngll2, — Ok < ZE

- } <
2 «
sl M = gl 2

If Hj\g) — Nill2 > &, we can set k = , which leads to a contradiction. Thus we have

pi
21357 =xil2
H)\,(f) — Aill2 < . Then using Equation (57) we have

2HV0an,k(9~Z)H2.

A2 _axl, <

(38)

Since "2 is consistent, we have P(Ey D) — 1. Besides, we already know that P(&) — 1.
Due to the form of the event & ;, and inequality (58), it remains to show ||V, M, (6;)|l2 = op(1)

to establish the consistency of /A\,(f). Note
V0, M1 (0) |2 < [V, Mo go(05) = Vo Mo (65) |2 + [ Vo, Ma i (65) |2

and the latter term is of Op(—+;). Using the consistency of dW'P we can show || Vg, M,, (60%) —
Vo, Mk (05)]l2 = 0,(1). Besides, since 9"V is v/ N-consistent and K — oo, then /n(¢"V P —
¢*) = 0,(1) and the asymptotic normality of /n (L "% | 1\ (Xp; 05) + \I/f(ﬁ;';)(éWD — ¢*)) is
implied by the asymptotic normality of \/n (% Sy a(Xy,i;05)) and Slutsky’s lemma. Now we
apply Theorem 1 in Yuan and Jennrich (2000) and the result follows. |

B.7 Proof of Theorem 4

Proof Recall the definition of the event H¢- defined in Formula (45) in the proof of Theorem
2, we can similarly define Hj, ; to control the estimation error of {Hy, ; (Op ), = 1,2, and
1— P(HS ;) < 5. Note

2

B (16"~ 5713) < 5 B (1687 — ¢°18) = B (168" ~ o713)
j=1
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so it suffices to bound the last term. Under the event % | and using boundedness of HqgilWD —¢*||2
E (6877 - *|13)

Lo
< GiE (HKsz,l(gk‘,l)_ (Dh2 — ¢")IIBI (M ))

k=1
1 K
+CoF (uKZ( #")I31 H—ZHM (Or) ™ (B2 = ) BI (i 1) > Co)
k=1
+CAB (1672 = 6" I31((M5e.1))) 2 CLE (Ry) + CoE (R) + C1E (Rs). (59)

In the following, we control %1, Ra, R3, respectively.

K
1 2 A . . 1 . .
R < Ciflo > Hia(Or1) (k2 — 05 — 72Bk(ek))||§1(HK,1)
k=1 n
ig E | Bro(Or2)1e, .., — Br(0p)|121(8%, € ©y)
n2 K k,bc,2 k/112 k,2 )

k=

where I:Ik71(ék71) = (ﬁk,1(ék,1)_l 0). Using the result in Lemma B.9 , the expectation of the

second term in the RHS is of O(;5 L. Denote the first term as Rgl). We can decompose the event

Hiyqas Hiey = Nk 17—[%)1’ where ’H = {||Hk 1Or1) — Hy(0;)|l2 < em}. Then, we have
1 & - k 1
1 7 A €N/ A €
Rg) = H? E Hk71(9k71)1(7‘lg(7)1 )(Qk,Q Ok / (ek))H I(HK,I)
< H—ZHM o) TS Bz — 07 — —= B(O)I13
< K1 k)2 k7112

Since {ﬁkl (ék,l)I(H(I];)l’e)}szl are independent of {0}, »}* , following the proof of Lemma B.8,
it can be similarly showed that E|| Zf VHe 1 (0r0)1 (’H(k)’e)(ék 9 —0; — n/QBk(H*)) 13 < 1 %+

nQ 2+ 03 . For the R, term appeared in (59), since || 7 S 1( — ¢*)||2 is bounded, then we
can apply Holder’s inequality and Markov’s inequality to obtain

E (R2)
1 &, 1& 5
< CEHE > (- W)Hzf(HE > Hy1(0r1) M (S — ¢)3I(HS 1) > Cs)
k=1 k=1
1 “be *\ |2 1 = r ) —1(7bc *) 12 €
< C E"?Z(¢k72_¢)”QP(H?ZHIC,I(QIC,I) (935 — o)IZI(Hyc 1) > Cs)
k=1 k=1
oo G
- nK n2K
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For the last 73 term in Equation (59), using the boundedness of H(ﬁilWD — ¢*||3, we have that

E(R3) < CP((H 1)) < CrfﬁK Now the proof is complete.

B.8 Proof of Theorem 5

Proof Similar to Lemma B.5, we first prove that the following term is of 0, (N ~1/2):

K K
{Zﬂsl s1) ) ZHm Or1) (B0 — ") =D HL(0) Y He(67) (04— ¢7)
s=1 k=1

for K = o(n?). Denote the LHS term of the above equation as Ry;. We have proved in the previous
theorem that P(H{ ;) — 1 when 0 > 2, so we only need to show Ry I(Hi ;) = 0p(1).

IIRﬂllzl(H%l)

< \ﬁH{ ZHsl I { ZH )" 22 ( ZHkl (Ok2) " (D4 —
1 )
+C\/NH? Z(Hk,l(ek,l)_l — Hy(07) )85 — ¢") 2T (H%1)
k=1
= Rpy1+CRpp

For K = o(n?), we have shown in the proof of Theorem 5 that

& 1
1(#Hic,)| ZHMm Az = 92 = Opl 2)-

Besides, we also have that

K K
1 ~ PN 1 11— . 1
e D Heoa(0a) ™37 = {52 D Ha(0) ™"} Mol (M) = Op(%)-
s=1 s=1
Combining those two results we prove that R = Op(ﬁ) = 0p(1). Now we turn to bound Ry 2.

Note that
1 Ko s k
] N ry * €\ 1 pbe * 1
Ruy < VN Yo (Hia(On) = Hoa O IHE) 08 = 02 = Ripy.
k=1

From previous derivation, we know that when K = o(n?) the leading order term in RS)Q is

K n/2

1 os, 2 o -
R, = \/NHE > (Hi1(Ok1) — Hea (09)1 HKl Z (092,

k=1 =1
where d; 1 (07)V) = Qk(QZ)ngM(XIEjZ>; 67), so we only need to show that qug = 0,(1). Denote

m = n/2, then using the independence between Hj, ; (ékl) and d£2k) (67), we have that

@)l

CE(RD,)? _KQZE(H (i1 (On) = B (D I(HIE)IB) ( Zd<2) )+o=0<N1n

k=1
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Then by Markov’s inequality it’s direct to show Rg)Q = 0p(1). Similarly we can show that

K

K K K
Vi ({z Faa(Bo) ) 1S Fa(Be) G — 6% — (3" H(0) 1) S Hu(6) (6l — ¢*>)
s=1 k=1 k=1

s=1

is 0,(1) for K = o(n?). Now with Slutsky’s lemma, it remains to establish the asymptotic normality

of
1 2K K
SO H Y )
j=1 s=1 k=1
and the proof directly follows from the proof of Lemma B.10. |

B.9 Proof of Corollary 8

Proof The coefficient 2 in the leading term is derived the same as the proof in Lemma B.9, and the
remainders can be derived if we follow the proof of Lemma B.8. |

C. Additional numerical results
C.1 Simulation results based on the errors in variables model

In this simulation experiment, we simulated the errors-in-variables Model (6) with the objective
function (7) to compare the performance of the full sample, the split and conquer and the weighted
distributed estimators: ¢ Fulls #°9C and ¢"W'P . The simulation was carried out by first generating 11D
{Z; 1} from N'(uz,0%), and then upon given a Z; ., (Xj, Yix)? were independently drawn from
N((Zig,d* + NpZig)T,0%I2x2). We chose ¢* = 1, K = 2,02 = landny = ny =5 x 10* =
N/2, and A}, A3, 1z and 0% were those reported in Table 3 under four scenarios. As discussed in
Section 2, the relative efficiency of ¢ full tO ¢5%C depends on the ratio 02(E(Z))?/(var(Z)E(Z2))
as shown in (8). We designed four scenarios according to the above ratio under \] # A5 and EZ #
0, respectively, which represented the settings where the full sample estimator (Z) funt Would be less
(Scenario 1) or more (Scenario 2) efficient than the split and conquer estimator as predicted by the
ratio, but not as efficient as the weighted distributed estimator ngSWD . Scenario 3 (A\] # A5, EZ = 0)
was the case when (;AS fuu and ngWD would be asymptotically equivalent, and both estimators would
be more efficient than ¢°“C. Scenario 4 was the homogeneous case with Al = A3 in which all three
estimators would have the same asymptotic efficiency. For all four scenarios, the ARE column of
Table 3 confirmed the relative efficiency as predicted by the asymptotic variances in (8), and was
well reflected in the comparison of the root mean square errors, as the bias is of smaller order as
compared with that of the standard deviation and thus negligible.

C.2 Simulation results based on the logistic model

Figure 3 reports the absolute bias and root mean square errors of the estimators when py = 4.
Table 4 reports the empirical coverage and the average width of the CIs when p, = 4. Table 5
reports the average CPU time per simulation run based on 500 replications of the five estimators
for a range of K for the logistic regression model with py = 4. It is observed in Figure 3 that the
bias of the estimators were smaller with po = 4 compared to the results with p» = 10 in Figure
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Table 3: Average root mean square error (RMSE) and the standard deviation (SD), multlphed by
102, of the full sample estimator d) full» the SaC estimator d)s 2C" and the WD estimator d)WD under
four scenarios for the errors-in-variables model (12) for N = 10°, K = 2 and n; = ny. AREs
(asymptotic relative efficiency) of qg full tO qBS“C are calculated from (8)

& full ol P

Scenario (Af,\5) ARE RMSE SD RMSE SD RMSE SD
Scenario 1 (0.25,3.25) 0.89 4.5 4.51 412 4.09 3.91 3.89
(uz =1,02 =0.1) (0.53.5) 093  4.65 4.65 4.35 435 4.08 4.08
(0.75,3.75) 0.97 452 4.52 440 438 4.13 4.13

Scenario 2 (0.252.25) 1.18  2.95 2.95 3.24 3.24 2.89 2.89
(z = 3,0% =0.5) (0.75,2.75) 1.28  3.28 3.26 3.65 3.64 3.17 3.16
(125,325) 1.31 371 371 416 407 3.64 3.61

Scenario 3 (0.25,2.25) 1.97 041 0.41 0.61 0.61 0.41 0.41
(uz = 0,0% = 0.5) (0.752.75) 1.92  0.51 0.51 0.70 0.70 0.51 0.51
(1.25,3.25) 1.68  0.64 0.64 0.82 0.82 0.64 0.64

Scenario 4 0.50.5) 1 3.25 324 331 3.28 330 3.6
(nz =4,02 =0.5) (1.0,1.0) 1 3.53 3.53 3.59 3.59 3.59 3.59
(15,1.5) 1 406 403 408 407 406  4.06

1. As a consequence, the Cls based on the weighted distributed estimator had adequate coverage
probabilities even when K = 1000.

(a) Absolute Bias (py = 4) (b) RMSE (py = 4)

107°

10—18

0 500 1000 1500 2000 0 500 1000 1500 2000

Figure 3: Average simulated bias (a) and the root mean square errors (RMSE) (b) of the weighted
distributed (WD) (red circle), the split and conquer(SaC) (blue triangle), the debiased split and
conquer (dSaC) (green square), the debiased weighted distributed (dWD) (purple cross), the sub-
sampled average mixture SAVGM (pink square cross) estimators, with respect to the number of data
block K for the logistic regression model with the dimension ps of the nuisance parameter \j being
4, and the full sample size N = 2 x 10°.
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Table 4: Coverage probabilities and widths (in parentheses, multiplied by 100) of the 1 — « confi-
dence intervals for the common parameter ¢ in the logistic regression model based on the asymp-
totic normality of the split and conquer (SaC), the weighted distributed (WD), the debiased split
and conquer (dSaC) and the debiased weighted distributed (dWD) estimators with respect to the
number of data blocks K. The dimension p, of the nuisance parameter A, is 4 and total sample size
N =2x10°

K SaC WD dSaC dWD
1-a 099 095 090 099 095 090 099 095 090 099 095 0.90

10 099 096 092 099 097 091 099 096 092 099 096 091
(2.45) (1.87) (1.57) (2.03) (1.55) (1.30) (2.45) (1.87) (1.57) (2.03) (1.55) (1.30)

50 0.99 095 091 098 093 0.89 099 095 091 099 093 0.88
(2.36) (1.80) (1.51) (1.97) (1.50) (1.26) (2.36) (1.80) (1.51) (1.97) (1.50) (1.26)

100 098 094 091 099 095 091 099 095 091 099 095 091
(2.36) (1.79) (1.51) (1.96) (1.49) (1.25) (2.36) (1.79) (1.51) (1.96) (1.49) (1.25)

250 0.99 093 0.85 099 095 090 099 096 091 099 0.95 0.90
(2.36) (1.79) (1.50) (1.96) (1.49) (1.25) (2.36) (1.79) (1.50) (1.96) (1.49) (1.25)

500 091 077 0.66 099 095 0.88 099 096 090 099 0.95 0.89
(2.36) (1.80) (1.51) (1.96) (1.49) (1.25) (2.36) (1.80) (1.51) (1.96) (1.49) (1.25)

1000 0.65 041 028 099 094 088 099 094 088 099 093 0.88
(2.38) (1.81) (1.52) (1.96) (1.49) (1.25) (2.38) (1.81) (1.52) (1.97) (1.50) (1.25)

2000 001 001 000 099 091 081 098 094 088 099 094 0.90

(2.42) (1.84) (1.55) (1.96) (1.50) (1.25) (2.42) (1.84) (1.55) (1.98) (1.50) (1.26)

Table 5: Average CPU time for each replication based on B = 500 replications for the split and
conquer (SaC), Zhang’s SAVGM, the weighted distributed (WD), the debiased split and conquer
(dSaC) and the debiased weighted distributed (dAWD) estimators for the logistic regression model
with respect to K. The dimension py of the nuisance parameter Ay is 4 and total sample size
N =2x10°

K SaC SAVGM WD dSaC dWD
10 15.65 15.97 18.50 20.00 21.95
50 9.63 9.95 10.66 12.37 14.59
100 8.09 8.63 8.76 10.50 12.05
250 8.49 9.69 9.07 10.84 12.82
500 9.68 11.58 10.25 11.97 14.84
1000 11.67 13.81 12.32 13.93 19.08
2000 15.78 19.68 16.57 18.11 28.55

C.3 Pre-processing of the real data

The arrival delay of the previous flight that utilized the same plane was obtained by matching the
tail number of the plane. The three meteorological factors (rain rate, close surface air pressure,
and temperature) were obtained by matching this airline’s on-time performance data with the ERAS
hourly data (https://cds.climate.copernicus.eu/). This dataset includes reanalysis from 1959 onwards
whose temporal and spatial resolutions are one hour and 0.25° x 0.25°, respectively. We applied
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the f(x) = log(1l + z) transformation to the rain variable due to its serious skewness. We also
standardized each covariate in each of the data blocks before performing the logistic regression
analysis.

We chose the parameter of the three meteorological factors as the common parameter based on
Figure 4, which shows that the local estimates of those three parameters are the most concentrated.

Figure 4: Histogram of the parameter estimates across the data blocks
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